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A GEOMETRICAL PROPERTY OF SETS OF 
FRACTIONAL DIMENSION 


By H. G. EGGLESTON (Swansea) 


[Received 3 February 1949] 

Introduction 
It is a well-known property of Lebesgue measure that, if, in a Euclidean 
plane with rectangular coordinate axes x and y, a measurable set A is 
given on the x-axis and a measurable set B on the y-axis, both of finite 
linear measure, then the planar measure of the Cartesian product set 
is equal to the product of the linear measures of A and B. Results of 
this type have been extended to other measures, as in the references 
(1)-(5). | 

In this paper a result is established about a related problem which 
may be stated as follows. 

If A is a given set of finite positive s-measure and through each point 
of A an arc of length | is drawn, what are the dimension and measure of 
the set of points which constitute all the arcs? 


The definition of s-measure is as follows. For a point set A and > 0, 
let U(5, A) denote a collection of point sets whose point-set sum contains 
A and each member of which has diameter less than 6. (5, A) denotes 
the class of all U(8,A). Then 


At = lim{lower bound > a’| 


5-0 1(8,A) U(8,A) 
where d denotes the diameter of a typical member of U(5, A) and the 
summation is over all these members. 

If A is A,-measurable, we write A, for A¥. A set which is planar, 
measurable A,, and of finite positive s-measure is called an ‘s-set’. 

A U(8, A) whose members are convex is denoted by x(5, A); p(x, y) is 
used for the distance between two points x and y; A(x,y) for the arc 
length between the points 2 and y (used only when it is clear from the 
context which are is under consideration). The diameter of a point set 
A is written d(A) and the complement of A in the plane is written b(A). 


1. THEOREM. Suppose that 
(i) A is an s-set; 
(ii) each point p of A is the end-point of an arc L(p) of length l, which 
also lies in the plane; 


Quart. J. Math. Oxford (2), 1 (1950), 81-5 
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(iii) k is a constant (0< k <1); 


(iv) p(%,%) > kp(py, Po) 
for all p,, pz of A, and all x, of L(p,), all xy of Li pz). 


Then L(A) = ¥ L(p) 
pea 
is a set of dimension at least s+-1 and, if it is of dimension s+-1, then 
AB, s{L(A)} > BIA,(A). (1) 
The method is to show that, for any « > 0, 
AS. i{L(A)} > klA,(A)(1—e). (2) 
This will be so if, given « > 0, there is a 8 > 0 such that for any 
x{8, L(A)}, > d+ > KelA,(A)(1—e). (3) 
x(8.2(.A)} 
Define «, to be such that 
0 < 3e, < 1—(l—e)t. (4) 


2. Lemma 1. Given an s-set A and e, > 0, there is a positive number 8, 
and a sub-set A, of A such that A,(A,) > A,(A)(l—«,) and, for every 
convex set V of diameter less than or equal to 3,, 

{d(V)}* > (l—«)A,(A, V). (5) 

For a proof see (1). 

Lemma 2. If A is the set of the theorem, and Ay, €, are as in Lemma 1, 
then there is a 8, > 0 and a sub-set A, of A, with the following properties. 

(i) A¥(Ag) > A,(A,)(1—«,), 
(ii) af p is a point of A,, and P(p) is a 8,-polygonal line inscribed in 
Ip), then P(p) is of length greater than (1—e). 

By a 6,-polygonal line is meant here a polygonal line whose sides are 

of length less than 5,. The proof is omitted. 


Let dk-1 = min{S,, 55, le,} (6) 


where 6,, €,, and 6, are as in Lemmas 1, 2. It will be shown that (3) 
holds with respect to this 5. 


3. Lemma 3. If A, and «, are as in Lemma 2 and x{8, L(A)} is given, 
there is a sub-set A, of A, and a finite sub-set x, of x{5, L(A)} with the 
following properties. 

(i) AZ(A3) > A¥(A2)(1—«4); , 

(ii) af, for p belonging to Ag, x? is the sub-set of those sets of x, which 


intersect L(p), then 
> d > l(1—3e,). 
xi 
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Proof. It may be supposed that x{5, L(A)} consists of at most an 
enumerable number of sets, say V,,V,,.... For each p of A the point-set 


intersection 
N 


L(p)( > Mi) 


is increasing and tends to L(p) as N tends to infinity. The integer V 
can be chosen so large that 


A*{A(N)A,} > (1—e,)A*(Ap) (7) 
where A(J) is the sub-set of those p of A for which 
L(p)( > %)] > U1—e,). (8) 


The sets x, and A, are taken to be {V;} (¢ = l,...,N) and A(N)A, 
respectively. It will be shown that the lemma is true with this y, and A3. 

For any p of A let the members of x? be enumerated as 7,, 7,,..., T;,,. 
Let the boundary of 7; be called K;. The points of L(p) may be ordered 
with p as the first point. ‘Before’, ‘after’, and ‘last’ refer to this order. 
Denote by p’ the last point of L(p). 

The vertices of a polygonal line P(p) are defined as follows: yp is p, 
and, when y, has been defined, y,,, is defined (or not (a«)) by the first 
of the five processes (f),...,(«) (unless it is p’) which is applicable: 

(x) if y, is p’, the definition of the vertices is complete; 

(8) if y, is such that 0 < p(y,,p’) < 5, then y,,, is p’; 

(vy) let D. be > K; summed over those integers i for which 7,+-K; 
contains y,; if D, intersects L(p) in a point after y,, then y,,, is the last 
of such points; 

(f) if the next point of intersection of > K; with L(p) after y, is z 

i=1 
and if p(y,,z) < 5, then y,,, is 2; 

(0) if the next point of intersection of > K; with L(p) after y, is z 

i=1 


and if p(y,,z) > 6, then y,,, is the last point of L(p) which comes 
before z and is such that p(y,, ¥,41) = 9; 


Np 

(x) f 2, K, has no points of intersection with L(p) after y, and if 

PUY, P') > 8, then y,,, is the last point of Z(p) for which p(y,, y,,,) = 5. 

There are at most a finite number of points y, ; let them be Yo, 9;,..., Y;,- 

The polygonal line P(p) is obtained by joining y, to y,,, by a straight 
segment for r = 0, 1, 2,...,7,—1. 
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P(p) has the following properties: 

(i) each segment of P(p) has length not more than 6 and thus not 
more than 6,, by (6); 

(ii) if y,,, is defined by (¢), (6), or («), then the arc y, y,,, is exterior 
to x7; 

(iii) if y,,, is defined by (y), the segment y,y,,, is completely con- 

tained in one of the 7; and no other segment of P(p) is contained 
in the same 7;. 

Denote by J the set of integers 0,1,...,7,—1; by I’ the sub-set of 
those r of J for which y,,, is defined by (y); by J” the sub-set of those r 
of I for which y,,, is defined by (¢), (@), or (x). 

By (ii) above and (7), 

> PUY rs Yr+1) S y 2 MYpsYrsa) < ley. (9) 
By (i) above and Lemma 2 


p32 P(Yrs Yr+1) > W(1—e,). 


Thus > P(YpsYri1) > U1—2,)—8. (10) 
- 
But, by (iii), 2+d> > PY rs Yr+1)- 
x? , 
Hence, by (6), Yd > U1—2e,)—8 > U(1—3e,). (11) 
x? 


4. Proof of the theorem 


Let x = x{5, L(A)} be a covering of L(A) by convex sets and let x, 
and A, be defined so that Lemma 3 applies to them. Write the areas 
of x, as V,, hy,..., Vy. Let the set of those p of A for which L(p) meets V; 
be called D,, and denote W; the smallest closed convex set containing D,. 


Then d(V;) > k d(W)). 
The symbol y(7,, tg,...,¢y) denotes a point set defined for i; = 0,1 as 


follows: N 
y(t, $5000) $y) = IT x; 
pt 


where, if 1; = 1, X; is W;, and, if i; = 0, X; is bW;. 
Then 


1 1 


- 1 1 . . . . 
W; = > ee > s+ 2 bree Uj—4) 1 ts pzreeey ty), 


i,=0 41=0 j441=0 w= 


which is written shortly as 


W, =X Hiv iesty) (j = 1,2,..., WY). 
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Thus {a(V,)}* > k{a(Wp)}° 
> ks(1—e,)A,(A, Wj) 
= k(1 — 4) 2 Mati iv tw} 
Z> k(1—e1) & As{Asy(tr--- tv)}- 
Hence N ’ 
Fat" aS 
x(8.2(4)} j=1 
*(1—e,) sa 2! (AV, )AF{Ag y(ty,---5 ty)} 
> k8(1—e,) y AB Ay igye >” dV), 
where >’ is the sum over all possible sets * ¥ termS 1,,%5,...,4y for 


which 7; = 0 or 1 and at least one i; is 1; >” is the sum over all the 
integers 7 (1 <j < N) for which 7; = 1 in the particular y(%,..., iy) 
concerned. 


If As y(i,,..., iy) is not void, let p be a point of it. >” d(V;) is precisely 
the > d of Lemma 3. Then >” dV, > U(1—3e,). 
xi 
Hence Yd" > bl —e)(1—34) Y’ AN Aa iy.-- iy)} 


~ a 
x{0,.L(A)} 


1—e,)*(1—3e,)A,(A) 
1—e)A,(A). 


This establishes the theorem. 


kl 
ksl(1—e,)(1—3e,)A¥(As) 
kl 
es 


Remark. The ares in the theorem may be replaced by regular linear 


sets. 
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ON THE SPACE OF INTEGRAL FUNCTIONS (II)+ 
By V. GANAPATHY IYER (Annamalai University, S. India) 


[Received 25 February 1949] 

1. Introduction 

Let EZ be a normed linear space.{ Let S be a (linear) sub-space of FZ. 
Let f(x) (a € 8S) be a continuous linear functional§ defined on S. Then 
there exists a continuous linear functional defined on the whole space E 
coinciding with f(«) on S [(B), 55, Theorem 2]. Also, if f(«) = 0 for 
aé€ S and a€ EH is at a positive distance from S, then there exists a 
continuous linear functional F(«) defined on E such that F(a») = 1, 
F(«) = 0, ae 8 [(B), 57, Lemma]. The object of this paper is to 
extend these two results to the space of integral functions studied in (I) 
and to discuss some allied topics.|| I first recall the definitions and 
notations of (I). I denote by IT the class of all integral functions 
topologized by the distance |a—f| (a, 8B el) where 


a = a(z) = Fa,2", (1) 
0 
and |«| is defined} by 
|x| = upper bound | |a@|, |a,,|"" (m > 1)]. (2) 


With this topology, [ is a non-normable complete linear metric space, 
and convergence in I is equivalent to uniform convergence in any 
finite circle [(I), Theorems 1, 2, 3]. I denotett by ['* the space of all 
continuous linear functionals defined on [. Every element f € I* is of 


+ The first paper is printed in the J. Indian Math. Soc., New Series, 12 (1948), 
13-30. This will be referred to as (I) throughout this paper. 
{ For the definition of normed linear space see 8. Banach, Théorie des Opéra- 
tions Linéaires, Warsaw (1:32), p. 53. I shall refer to this book as (B). 
§ What I mean by ‘continuous linear functional’ is the ‘linear functional’ in 
(B). When I say linear I mean merely algebraic linearity with complex scalars. 
|| The two results stated above are proved in (B) for real linear space. They 
have been proved for complex linear spaces by Bohnenblust and Sobezyk ; see 
Bull. American Math. Soc. 44 (1938), 91-3. 
tt The symbol | | is used, in this paper as in (I), to denote (2) as well as the 
modulus of complex numbers. It will be evident from the context in which sense 
it is used. 
tt In (I) the adjoint was denoted by [. Since we require the bar to denote 
closure, I have used I'* to denote the adjoint ; but for this change the notation 
in (I) is strictly adhered to. In (I) a topology for '* was introduced which made 
I an isometric sub-space of '*. In this paper I do not consider any topology 
for I‘*. 


Quart. J. Math. Oxford (2), 1 (1950), 86-96 
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the form 


ay 


f(a) = > Cn Un» asia 2”, (3) 
0 
where {\c,,|¥"} is bounded: (4) 
that is, f=f(z)= > c¢,2" has positive radius of convergence 
((I), Theorem 4]. 
1.1 Further definitions and notations. Given an integral function 


“Ms 


a = a(z) = ¥ a, 2", 
0 
I define, for each R > 0, the expression |a; R| by the equation 
@ 
lox; R| — > |a,,|R”. (5) 
0 


It is easily seen that, for each R > 0, (5) defines a norm on the class 
of integral functions; I shall denote by ['(2) the normed linear space 
thus obtained and by ['*(R) the adjoint of [(R). If R, > R,, then 
'x; R,| > |a; R,|, and so '(R,) is weaker} than ['(R,) and 

P*(R,) c P*(R,). 


Moreover, if (a,,) be a sequence of integral functions such that |«,| > 0 
as p—>oo, then, for each R > 0, |a,;R|>0 as poo. So I(R) is 
stronger than I’. Thus {I'(R)}, as R increases, form a decreasing family 
of normed topologies on the class of integral functions each of which 
is stronger than I’. In Theorem 1, I shall characterize [ in terms of the 


family {['(R)} and use it to prove the results stated in § 1. 

2. If S be any class of integral functions and 7' any topology on the 
space of all integral functions, I shall denote by (S), the closure of S 
in the topology 7’. When I speak of a ‘sub-space of [’ I mean a 
(complex) linear sub-space. 

THEOREM 1, Let S be any class of integral functions. Thent 

(S)p = TT S)rae- (6) 

Proof. Since each I'(R) is stronger than [, it follows$ that 

(S)p ¢ (S)rue. 


Hence (S)p c B = TJ (S)rcp. 
R>0 

+ In the sense of Alexandroff and Hopf: Topologie, I, Berlin (1935), 62. 
Cf. also R. Vaidyanathaswami, Treatise on Set Topology, part I, 71. 

t The relation (6) shows that T is the lattice product [see R. Vaidyanathaswami, 
loc. cit. 130-5] of the family {['(R)} of stronger topologies. But (6) is stronger 
than what is implied by T being the lattice-product of the family {T'(R)}. 

§ From the definition of stronger and weaker topologies. 
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To prove (6) we have therefore to prove that, if « is at a positive 
distance from S in IT, then it is also at a positive distance from S in 
R) for some R > 0 (and therefore also for all sufficiently large FR). 
This is an immediate consequence of the following lemma, the proof 
of which will complete that of Theorem 1. 
2.1. Lemma 1. Jf \a| >d > 0, then \a;R| >d for all R > A(1/d) 
where A(t) is defined, for t > 0, as max(1, t). 


Proof. Let «= Sa, z" and ja| >d>0O. If, for some R> 0, 
la; R| < d, it thin Gin (5) that 
|ay| < d, ja, "R<din< A(d) (n>1). (7) 
If A(d)/R < d, we see from (7) that |a«| < d, contrary to hypothesis. 
Hence A(d)/R > d, that is, 
R < A(d)/d = A(1/d). 
Hence, if R > A(1/d), we shall have |«; R| > d, as is to be proved. 


3. THEOREM 2. Pea > PAR 


R>0 
3.1. To prove this theorem we require the following lemma. 


Lemma 2. Every functional in T*(R) is of the form 


F(a) a > Ch Ans tees x4, 2" (8) 
where ha | is bounded, (9) 


and conversely. 


Proof. Suppose that f(x) is a continuous linear functional on [(R). 
Then there is a k such that | f(a)| < k\a; R| [(B) 54]. Let 5, = 2" and 
f(b) = Cy (n z= 0). Then 

f(x )= _— lim (Coot. -+C,4 * =Ye,a n? 


since, in I'(R), a9 5o9+-.. -“ 5, >~>aasn—>oo. Also, 


| Cy| < k\8,,; R| = kR". 


Hence (9) is true. Conversely, if (9) is true, the functional defined by 
(8) exists for all «, and | f(a)| < k|a; R| for some k > 0. Hence [(B), 54] 
f(«), which is obviously linear, is continuous on ['(R). So Lemma 2 is 
proved. 

3.2. Proof of Theorem 2. Since a functional continuous in any 
topology will also be continuous in a weaker topology, it follows that 
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I'*(R) belongs to [* for each R > 0. Hence } ['*(R)c T*. To prove 
R>0 


the reverse inclusion, let fe I'* be given by f = s c,2". Then, by (4), 
0 


there is an R > 0 such that |c,|""< R, n>1. Hence {(c,,|/R"} is 
bounded and fe T*(R) by Lemma 2. So ['*c ¥ ['*(R). This proves 
Theorem 2. ein 

3.3. Strong and weak convergence in T. We have proved in (I) 
Theorem 8, that strong and weak convergence in T are equivalent. 
Theorem 2 leads to an alternative proof of this result. Let / denote the 


normed space of absolutely convergent series. If « = } a, 2" ¢T(R) 
0 


(R > 0 given), the transformation a}, = a, R” (n > 0) transforms I'(R) 
into an equivalent sub-space of / [see (B), 180 for the definition of 
equivalence]; let «’ correspond to «. If g €/*, the functional f(a) = g(a’) 
belongs to ['*(R). If, now, a sequence (a,) of I converges to zero 
weakly, we have, by definition,t f(«,) = g(«,)>90 for every gel*. 
So, by a known result [(B), 137], |a,,|,> 0 as p—oo where |a’|, is the 
norm of a’ in/. But |a,;R| = |a,|. So |a,;R|—>0. By Theorem 2, 
this is true for each R. Hence, by Lemma 1, |a,|—> 0 as poo. This 
proves the statement that strong and weak convergence are equiva- 


lent in T. 


4. We can now prove the two theorems on the extension of functionals 
envisaged in § 1. 

THEOREM 3. Let S bea sub-space of Tl. Let agET be at a distance d > 0 
from Sin YT. Then for each R > A(1/d) there is a functional fe T* such 
that (i) f(a) = 1; (ii) f(x) = 0 for ae S; and (iii) | f(a)| < |a; R\/d for 
allaéT, that is, fe T*(R) for R > A(1/d). 


Proof. Let 8B ¢ S. Then, by hypothesis, |aj,—f| > d. So, by Lemma 1 
v»—8; R| >d for R > A(1/d). Hence the distance of «) from S in 
I'\() exceeds or equals d for each R > A(1/d). Using the known result 
for normed linear spaces [(B), 57, lemma, and above footnote ||, p. 86] 
we see that there is a functional f ¢ ['*(R) c '* satisfying the conditions 
stated in the theorem. 


4.1. THrorEeM 4. Let S bea sub-space of T. Let f(x) be a linear func- 
tional defined and continuous (in the topology of T) on S. Then there is 
a functional F € T* such that F(«) = f(x) forae 8. 


+ See (I) 22, § 7, for the definition of strong and weak convergence. 
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Proof. Since we know the truth of the corresponding result for 
normed spaces [(B), 55, Theorem 2], it is enough, by Theorem 2, to 
show that, if f(x) satisfies the conditions of the theorem, then it will 
be continuous on S in the topology of ['(R) for some R > 0. This we 
prove in the following lemma. 


4.2. Lemma 3. Let S bea sub-space of 1. Let f(x) be a linear functional 
defined and continuous on S in the topology of T. Then f(x) will be 
continuous on S in the topology of 1(R) for some R > 0. 


Proof. Suppose that f(a) is not continuous on S regarded as a sub- 
space of '(R) for any R > 0. Then by known results for normed spaces 
[(B), 54, Theorem 1], we can, for each positive integer p, find an element 
a, € S such that (i) |«,;p| = 1/p; and (ii) |f(a,)| > 1. Arguing as in 
Lemma 1 we easily see that |«,,| < 1/p. Hence |a,| > 0, while |f(a,)| > 1 
for all p, so that f(«) is not continuous on S contrary to hypothesis. 
This proves Lemma 3. 

4.3. Illustrations. (i) Since it is easily proved that any finite set of 
linearly independent elements in [' generate a closed linear sub-space, 
it follows by repeated application of Theorem 3 to one-dimensional 
sub-spaces that, given any linearly independent set (a,,...,«,) in I and 
arbitrary constants (t,,¢,,...,t,) there is a functional fe IT* such that 
S(a;) = t; @ = 1,2,...,p). Of course, this can be proved directly without 
recourse to Theorem 3. 

(ii) Let S denote the class of integral functions each of which vanishes 
at a given set of complex numbers having no finite limit point. By (I) 
Theorem 3, it follows that S is a proper closed linear sub-space of [. 
If a is an integral function not belonging to S, then, by Theorem 3, 
there is an fe I* such that f(a») = 1, f(a) = 0 for ce S. Explicitly, 
this asserts the existence of a solution (c,) satisfying (4) of a system of 
infinite number of equations. 


5. Bi-orthogonal sequences 


A sequence («,) of I and a sequence (f,,) of [* (n > 1) is said to 
form a bi-orthogonal sequence if f,(a,,) = 0 (m ~n) and f,(a,) = 1 
(n > 1). I shall also say that the sequence (f,,) is ortho-normal to the 
sequence (a,). If S is any sub-set of T, I shall denote by L(S) the 
closed linear extension of S: that is, the smallest closed linear sub-space 
of I containing 8S. 


- 


THEOREM 5. Given a sequence (a,) of I, a necessary and sufficient 


n 


condition that there exists a sequence (f,,) of T* ortho-normal to («,) is 
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that, for eachi > 1, a; € L(a,,n 4%). If this condition is satisfied and 
d; is the distance of «; from L(x,, n + %), then for each R > A(1/d;) we 
can find a functional f; e * such that 

(i) fil%) = O(m Ar) and fi(a;) = 1; 
and (ii) |f(«)| < la; R\/d; forall acl. 

Proof. That the condition in the theorem is sufficient and that (i) 
and (ii) are true follow immediately from Theorem 3. Conversely, if 
there is a functional f,¢T* such that f,(a;) = 1, f,(«,) = 0, n #4, 
then obviously a; € L(«,, 2 4 7) since otherwise f,(a;) will also be zero. 

5.1. Theorem 5 could be stated in an apparently more general form 


as follows. 


THEOREM 6. Given a sequence (a,) of T', a necessary and sufficient 
condition that a sequence (f,,) of '* exists ortho-normal to (a,,) ts, that for 
each i > 1, a,  L(a,, m > i+1). 

Proof. By Theorem 3, there is a sequence (g,) of ['* such that 
g;(a;) = 1, 9;(a,) = 0 (n >t+1). Now we can construct the sequence 
(f,,) from (g,) as follows. For each i, choose (¢;;,t;9,...,¢;;) from the 
equations 

by Jy(&n) +b 2 Jo(&n) +--+ Gi(%n) = 0 (n _— 1, 2,....8—1) 

by J1(%j) + big Jo(a;) + --- +b: Ge(a;) =1 
The determinant of the equations (10) is unity. So (¢,,,..., ¢;;) is uniquely 
determined by (10). The functional f; can now be defined as 
Fi = tari ttisget +b Ii 
It is easily verified by the choice of (g;) and (10) that 
fi(;) = 1, Filan) = 0 (n = 1). 

So the condition of Theorem 6 is sufficient. That it is necessary follows 
as in Theorem 5. 

5.2. Uniqueness of bi-orthogonal sequences. Let («,) be a sequence of 
I satisfying the conditions of Theorem 5 or 6. If L(«,) = I’, then the 
ortho-normal set (f,,) (whose existence is affirmed by these theorems) 
is unique. For, if there is another set (g,), then, for each 2, f;—g; 


vanishes over the whole of L(«,) = I, and so f; = gj. 
5.3. Illustration. Let 


oy, = 2"B,(2), Br(0)=1 (n>0.) 


Then for each i, a;¢ L(a,, m >%+1), and the distance of a; from 


|. (10) 
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L(a,, n >%t+1) is not less than 1. So, by Theorem 3, there exists a 
g; € 1'*(R) such that 


(i) 9 (;) = I, 9Ji(%p) = 0 for n => t+1, and 
(ii) |g,(ax)| < |a; R| for each R > 1. 





Hence using (10) we see that, for each R > 1, there is a sequence (/,,) 
belonging to ['*(R) ortho-normal to («,). 


6. Bases in T 


A sequence (a,) of [is said to form a base in T if each ae T could 
be represented uniquely in the form 


2 > ty (x)oXy, (11) 


n=1 
where {t,,(«)} are complex numbers uniquely determined by «. In a 
Banach space (i.e. a complete normed linear space) it is known that 
each coefficient in (11) is a continuous linear functional [(B), 111]. Iam 
going to prove that this result is true in the space [ also. 


THEOREM 7. Let (a,,) be a sequence of elements of 1 forming a base. 
Let f,(x) = t,(x) where t,,(«) is defined by (11). Then the sequence {f,,} 
belongs to [* and forms an ortho-normal set to («,). 


Proof. By the definition of a base, it follows that, for each n, 
f,(~) = t,(«) is linear, f,,(a,,) = 0 if m #~m, and f,,(«,,) = 1. So to 
prove the theorem it is enough to show that each f, ¢[*. For this 
purpose, I define a new distance |a—f|, in where 


|x|, = upper bound |t,(a)a,;+...+4,(a)a,|. (12) 
1<n< a 


Since the representation (11) is unique, we see that |a—f}|, is, in fact, 
a metric in I’. I shall prove that I is complete under this new metric. 
Let (8,) be a sequence in I such that |8,,—B,|, > 0 as p,q—>oo. From 
(12) it follows that, for each i, |[t,(8,,)—t,(B,)|x;| > 0 as p, g > 00. Since 
no a; is identically zero, we see that for each 7, ¢,(B,) >t; (say) as 
p>. Again, given «, we can find py so that 


| [4(8,) tA) < e if Pd Zz Po (13) 


for alln > 1. Letting g > © in (13) we get 





n n 
2 tiBp)i— 2 fi O; = € if Pp a Po- (14) 
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Taking p = py in (14) and noting that (11) converges for a = £,,, we 
see that we can find mn, so that 


n m 
ps t; os — Z t; a; 
i=1 i=1 


2) 
Since [ is complete, (15) shows that >} t;a; converges to an element 
1 


\<3e if n.m>n. (15) 


Bel. Since (a,) is a base, it follows that t; = ¢,(B). Hence from (14) 
we get that |8,,—B8|, < «if p > py. Hence I is complete under the new 
metric. From (11) and (12) it is easily seen that |a| < |a|, so that the 
topology under the metric |a—f| is stronger than that under |a—f),. 
Since [ is complete under both metrics, it follows from a known 
theorem [(B), 41, Theorem 6] that the two metrics are equivalent. 
So, if |8,,| > 0 as p> oo, then |8,|, > 0 as p—oo. This latter implies, 
by (12), that ¢,(8,,) > 0 as poo for each fixed 7, since no aq; is identi- 
cally zero. Hence f,(a) = ta) belongs to [*. This completes the 
prooft of Theorem 7. 

6.1. Examples of bases. (i) Let p,(z) be a polynomial of degree n 
such that the coefficient of z” is unity and the remaining coefficients 
form a bounded set as ” varies (n = 0,1,...). Then it is knownt that 
every integral function « = a(z) could be expanded in the form 


t, P, (2), 


a= 


oMs 


where the series converges uniformly in any finite circle. So a, = p,,(z) 
(n = 0,1,...) will form a base provided that the above expansion is 
unique (this is not always the case). For instance, py) = 1, p, = z—1, 
Pp, = 2”—z2"-! (n > 2) will form a base as may be verified by direct 
calculation. 

(ii) Let (a, a4,...,%,) be p+1 integral functions such that the deter- 
minant formed by the coefficients of 2” (n = 0, 1,...,) does not vanish. 
If we set «, = 2” for n > p, it is easily verified that («,,) (n > 0) form 
a base in [’. : 

(iii) I next prove the following result. 


THEOREM 8. Let (x,) (n > 0) be a sequence of elements of T defined by 


2) 


Oy, = a,(Z)=2*+ DY ayy2?. (16) 
p=n+1 
t If (w,) is a base, we have obviously L(«,) = I and so, by § 5.2, the ortho- 
normal set {t;(a)} is unique. 
t J. M. Whittaker, Interpolatory Function Theory (Cambridge Tracts, No. 33, 
15, Theorem 2). 
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Let a,(z)—2" = B,(z). If |B,,| > 0 as n>, then the sequence (x,) will 
form a base in T. 


Proof. Let « = s a,z" ET. Define (t,,) (n > 0) by the equations 
0 


to — Aq, tn t+n-in tn_1+---+4on to —_ an (n> 1). (17) 
The equations (17) determine (¢,,) uniquely, and ¢,, = 0 for all if and 
only if a, = 0 for all m. Since |8,,| > 0, we can find some k > 1 such 
that |a,| <k, \a,,| <& for all m and for all p under consideration. 
I shall prove by induction that 


It,| <k(+1)" (n > 0). (18) 
Obviously (18) is true for n = 0. Suppose it has been proved for 
n = 0,1,...,9—1. Then from (17) we get 
Itp| < k++ k(k+ 1) +... +k(k+1)?-} 
= reer Po — = k(k+1)?. 


So (18) is true. Using (18) I shall next prove that |¢,|/" > 0 as n > oo. 
Let « > 0 be given. Since « is an integral function and |f,,| > 0 as 
n >, by (2), we can find my so that 


la,| < €” 


fn >. (19) 
I\'<e (p2nrl) 


Any 


For fixed m9, Bo, f;,---;Bn,-1 are a finite number of integral functions, and 
so we can choose NV > ny such that 


lainl Se” (¢=0,1.,...,m9—1; n > N). (20) 
Using (18), (19), and (20) in (17), we see that, ifn > N, 
ltn| < eM{1+k(k+-1)"1+-k(k+1)"-2+...+-4} 


_— 14. 





= e"(k+1)". 
This inequality shows that |t,, |!" > 0asn >0oo. Now, givenany R > 0, 
it is easily verified, by using the fact that |f,,| > 0 as n > 00, that 


|a,(z)| = O(R") asn->oo, [zi] <R 


Hence >t, t ) converges uniformly in any finite circle to an integral 
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function B(z) = x b,, 2". Using the usual formula for b,, namely, 


B ) a, 

gntl 
jzi=-R 
we easily verify that b,, = a, in virtue of (17). Hence B(z) = a(z). So, 
by (I), Theorem 3, we see that 


2 
o= 2 t,a, inT, 


9 — 
2nb, = 





and the representation is unique since ¢,, = 0 if and only if a, = 0 for 
all xn. Hence («,,) form a base. For instance, if y(z) be any fixed integral 
function, we can take 


~\n+1 [+ 
= a,(z) = 2” at Ss . 
an = ag(e) = 2*+(2)""'9(Z) 


(iv) The simplest base is (2"), or more generally, (pz+-q)" (p ~ 0; 
n > 0). It can easily be proved that there exists no base of the form 
(x”) (n > 0) unless « = pz+gq. To see this, suppose that « is either a 
polynomial of degree greater than one or a transcendental integral 
function. Suppose («”) forms a base. Then we must have 


t,[a(z)]”, (21) 


for proper (¢,,) and for all z. Now we can find a complex number a and 
two distinct points z, and z, such that a(z,) = a(z,) =a. Using this 
in (21) we get 


, a 
o> 


oMs 


~ 
~ 


I 
x 
rt 
| 
“Ms 
= 
"S 


which is a contradiction. Hence («") (n > 0) can form a base if and only 
if x = pz+q(p #9). 

(v) Let (a,) be a base in [. Let U be an automorphism of [. Then 
{U(«,)} will also form a base, as is evident from the definitions of a 
base and automorphism. If (¢,) is the unique ortho-normal set asso- 
ciated with («,), the ortho-normal set (f,,) associated with {U(a,)} is 
defined by the relations f,,(a) = t,,[U-(«)]. For instance, let (p,,) be a 
sequence of complex numbers such that {|p,,|1"} and {|p,,|-""} both form 
bounded sequences. Then 


22) 
U (a) == > Pn&n2", at > 4,2" 
0 


will define an automorphism of I since we can find k > 0 such that 
k\a| < |U(a)| < kla|. So, if 


nO 
(x,,); a= z Ain zn 
n=0 
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form a base, then so does the sequence {U(«,)} where 


U(a;) = 3 Pn%n2". 
n=0 
7. Conclusion 


It is easy to verify that Tis a convex linear metric space. So results 
similar to Theorems 3 and 4 can be formulated in terms of pseudo- 
norms.{ The interest of these theorems in this paper is that they have 
been formulated directly in terms of the metric and topology of I. 


+ See J. V. Wehausen, Duke Math. J. 4 (1938), 163. 














ON A THEOREM OF BURNSIDE 
By K. A. HIRSCH (Newcastle-wpon-Tyne) 
[Received 28 February 1949] 
BURNSIDE proved* a remarkable relation between the (odd) order N of 
a group and the number r of its conjugate sets: 
N =r(mod 16). 

This congruence is derived as an application of the theory of representa- 
tions and of group characters. 


In the present paper I prove by an elementary method a more general 
result which includes Burnside’s as a special case. 


THEOREM. Let N = pYp%...pi* be the order of a group G, the p’s being 
primes, r the number of its conjugate sets, d the greatest common divisor 


of the numbers pi—l (i =1,2,...,k). 
Then N =r(mod 2d) if N is odd, 
and N=r(mod3)_ if N is even and (N,3) = 1.7 
Proof. Denote the elements of the group by X, Y,..., the unit element 
by 1. 


Consider the equation 
A7AY-XY = 1 (1) 
in G. If X lies in a given set of conjugates with, say, h elements, then 
the number of elements Y which are permutable with X is N/h. Hence 
the total number of solutions in G of the equation (1) is 


Zhe Nihy = Nr. 


Among the solutions occurs X = 1, Y = 1. For all other solutions 
consider the group {X,Y} generated by X and Y. X and Y have 
unique representations in G of the form 


S=5,5..k. Yu RRS 


where the X; and Y; have powers of p; as orders. Since X and Y are 
permutable, we obtain the direct decomposition into Sylow-groups 


{X,Y} = {X,Y} x {Xp ¥}x...x (Xp Vi}. 


* Burnside, Theory of Groups, 2nd edition (Cambridge 1911), 295. 
+ This result can also be obtained by an extension of Burnside’s original 
argument. 


Quart. J. Math. Oxford (2), 1 (1950), 97-9 
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The number of ways in which a given group {X, Y} arises from the 
solutions of equation (1) is, then, equal to the product of the number of 
ways in which its various Sylow-groups arise. 

Now {X;,,Y;} can either be a cyclic group of order p?", say, or an 
Abelian group of type (p%", p?) (m > n). In the former case the number 


of ways in which the group can be generated by two of its elements is 


pi" — pi" = pi"*(p?—1) = 0(modd); 





for either X; or Y; must be of order p¥", and of the possible p?” pairs 
we have to rule out only those in which the orders of both X; and Y, 
are less than p7". 


In the latter case we distinguish between m = n and m > n. 


[m =n]: X; and Y; must be independent generators of the group. 
This yields 
(pr — pzm—2)/ (p?m — p2m-2) — (pr —p?-)] 
choices, and this number is obviously a multiple of (p?—1)(p;—1) and 
divisible by d, and, for odd p,, by 2d. 
[m > n]: Either X,; must be of order p’", and Y;, of order p? relative 
to the group {X;}; 


or X; is of order less than p%"; then Y; must be of order p?", and X; 
of order p? relative to the group {Y;}. 

This yields $(p%") p? 6(p?') (pi"+-p") choices and again this number 

is a multiple of 
(pr—1)?(p,+1) = (p?—-1)(p;—}). 

In all cases, then, the numbers of solutions of equation (1) which 
are different from X = 1, Y = 1 are multiples of (p?—1), and hence 
of ‘d. So we obtain Nr = 1(modd). Now, since p? = 1(modd), we 
have V? = 1(modd), and therefore VN = r(modd). In particular, if V 
is even but not divisible by 3, then p?—1 = 0(mod 8) and d = 3. 

This proves the second part of the theorem. 

From now on I assume that N is odd. 


Let N? = 1-+1d, Nr = 1+l'd. 
Then N*¥r=r+lrd=N+WNl'd, and N—r = (lr—l'N)2, 


and, since N and r are odd, we can infer N = r (mod 2d) if and only if 
l =I’ (mod 2). 
Let 2° be the highest power of 2 which divides d, and put 
p? = 141,28. 
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We have then 


k k k 
N2 = TJ (14-1, 28]™ = TJ [1+-0,2, 24+...] = 1+ > a, 1, 28+... 
i=1 i=1 i=] 
k 
and (N2—1)/28 = > a,l; (mod 2). 
i=1 


We see, therefore, that / is congruent (mod2) to the number of 
primes p; with the properties (i) 1; odd, (ii) «; odd. 

I consider now the distribution of the solutions of equation (1) in 
multiples of 28+1, The solutions arising from Abelian groups of type 
(p%", p’), as we have seen, always occur in multiples of 26+!, The same 
is true of the cyclic groups {X, Y} whose order contains more than one 
prime factor; and of the cyclic groups of prime power order for those 
primes p; whose 1; is even. It remains to investigate the cyclic groups 
whose order is a power of p; with odd J;. 

We now require the simple 

Lemma. The total number of cyclic sub-groups ~1 in a group of 
order p” is congruent to n (mod 2). 

For every element other than 1 generates some cyclic p-group, and, 
if there are A; groups of order p’, they give rise to A;¢(p’) generating 
elements. Hence 


pr—1 = 2A; HP’) = 2 A;p'(p—), 
p” Tipr?t tp+l = DAP, 
J 


and we obtain n = > A;(mod 2), where the right-hand side gives the 
j 


total number of cyclic sub-groups not equal to 1. 

Now, since N is odd, the number of different Sylow-groups belonging 
to p* is odd; and, among these, the number into which a given cyclic 
group of order p? enters is odd. Hence we can restrict ourselves 
(mod 28+) to the total number of solutions which arise from cyclic 
sub-groups of one Sylow-group. 

The number of cyclic sub-groups of one Sylow-group of order p* is, 
however, by the preceding lemma congruent to a;(mod 2). Hence /’ is 
congruent (mod2) to the number of primes p; with the properties 
(i) 1; odd, (ii) a; odd. 

Thus / = l'(mod2). This concludes the proof of the theorem. The 
modulus 2d is the best possible, as simple examples show. It may be 
noted that, if N is odd and not divisible by 3, the modulus of the 
congruence is always a multiple of 48. It may be considerably higher; 
e.g. if NV is divisible by 29, 41, and 71 only, then V = r(mod 1680). 








THE CHARACTERIZATION OF GENERALIZED 
CONVEX FUNCTIONS 
By F. F. BONSALL (Newcastle) 
[Received 1 March 1949] 


1. Introduction 

A CONVEX curve may. be defined as a curve which lies on or below 
the line segment joining any two points on it. We may describe this 
situation by saying that a convex function is ‘majorized’ by the 
solutions of the differential equation d*y/dx? = 0. In the present paper, 
convex functions are generalized by considering functions majorized by 
the solutions of a more general differential equation. 


2. Let L(y) = 0 denote the second-order linear differential equation 

L(y) = d*y/du?+- p,(x) dy/dx+p,(x)y = 0. (2.1) 
I consider, throughout, an interval (a,b) such that L(y) = 0 has a 
unique solution, continuous in (a,b), taking any given real values y, 
and y, at any two given 2, and x, within (a,b). I suppose p,(x) and 
p,(x) continuous in (a,b), and differentiable whenever this is required. 


3. Definition of sub-(L) functions 

A real function f(x), defined in a < 2 < b, is said to be ‘sub-(Z) in 
— fle) < PU, 4452) (3.1) 
for every 2, 2, 2, such that 

é<24,<2< 2, < 6, 
F(f, #1, %;2) being the solution of (2.1) taking the values f(x,) and f(x.) 
at 2, and 2. 

Further, f(x) is said to be strictly sub-(L) if the strict inequality holds 
in (3.1). ‘Super-(Z)’ functions are defined in a similar way by reversing 
the inequality (3.1). 

4. The principal results are the following theorems on the charac- 
terization of sub-(L) functions. 

THEOREM 4. Jf f(x) is sub-(L) in (a,b), then f has a second derivative 
p.p. in (a,b), and L(f) > 0 at each point where the second derivative exists. 

THEOREM 6. Jf f(x) has a continuous second derivative and L(f) > 0 in 
(a,b), then f is sub-(L) in (a,b). If the strict inequality holds, f is strictly 
sub-(L). 


Quart. J. Math. Oxford (2), 1 (1950), 100-111 
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5. By means of these characterization theorems, it is possible to use 
sub-(L) functions as an analytical tool in a manner somewhat similar 
to the use of convex functions. The applications of the theory in the 
present paper are not systematic, but are intended merely to indicate 
some of the possibilities. Some determinantal inequalities are obtained, 
the behaviour of the mean-value function M(a,q), defined in (19.1), is 
briefly investigated, and a method is outlined for estimating solutions 
of differential equations which cannot be explicitly solved. 

[t is evident that sub-harmonic functions can be similarly generalized, 
a general elliptic partial differential equation of the second order 
replacing the Laplace equation as ‘majorizing’ equation. 

Sub-(Z) functions are a sub-class of the functions ‘convex in ¢ and yf’, 
considered by Valiron [1]. They are, a fortiori, a sub-class of the sub-(F) 
functions considered by Beckenbach [2] and Beckenbach and Bing [3]. 
On the other hand, ordinary convex functions and the sub-trigono- 
metrical functions of Pélya [4] are particular cases of sub-(Z) functions. 

| Added 18 Sept. 1949.| A part of my results has been anticipated by 
Peixoto in a recent paper [8]. His theory is in one sense more general, 
in that it applies to a class of non-linear differential inequalities. On 
the other hand, his proofs require the functions to have continuous 


second derivatives. 


6. Notation 
The following notation is adopted: 
(i) F(f,2;,x;;x) is that solution of L(y) = 0 for which 
F(f,2;,%;;2;) = f(x), F(f,2;,%;32;) = f(2;). (6.1) 

Where no ambiguity can arise, I write F,,(x) for F(f,2;,x;; 2). 

(ii) F,,(x) is the solution F(f, x9, %+h; 2). 

(iii) («,8) and <a, 8> denote open and closed intervals respectively. 

(iv) L(y) = 0 is the adjoint equation of L(y) = 0, 


i.e. L(y) = d*y/dx?—p,(x) dy/dx+[p.(x)— p(x) ly = 0. (6.: 


to 
— 


7. Some preliminary lemmas 
The fundamental role in the proof of the properties of sub-(L) 
functions is played by the uniqueness condition in § 2. Whenever I 
write ‘by uniqueness’, it is to this condition that I refer. 
LEMMA 1. Jf f(x) is sub-(L) in (a,b), then 
f(x) > Fya(x) (7.1) 


for x im (a, 2) or (a,b). 
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COROLLARY. A function sub-(L) in (a,b) is bounded above and below 
in every closed sub-interval of (a,b). 

Suppose on the contrary that, say, 

F,2(x3) > f(%3) = Fys(#3) (4% < Xp < 5). (7.2) 
Then, since Fy9(%2) = f (#2) < K,g(x2), (7.3) 
we infer, by continuity of /,,(7)—F,;(x), that there exists an x’ such 
that x, < x’ < x, and F(x’) = F(x’). Hence, by uniqueness, 
F,,(x) = F,3(@), 

which contradicts (7.2). 

Finally, f(x) is bounded above in <2,,,>, by (3.1), and it is bounded 
etic fe) > F(x) in <em>, (7A) 


where a < 2% < %, < 4%. 


8. The following lemma on the adjoint equation is presumably known. 
Lemma 2. If L satisfies the wniqueness condition in (a,b), so does L. 
For, we have identically 

Ze 
| [v L(u)—uL(v)| dx = [vu’—wo' +p, wl”. (8.1) 
ry 

Suppose the lemma false, i.e. we may suppose that there exists a solution 

v(x) of L(y) = 0, not identically zero but satisfying v(x,) = v(x.) = 0. 

Then choosing u(x) to be that solution of L(y) = 0 for which u(x,) = 1, 

u(x.) = 0, we obtain v’(2,) = 0, and thus v(x) = 0. 


9. Lemma 3. Given a < 2, <% < 2%, <b, let u(x), v(x) be the 
solutions of L(y) = 0 satisfying 

u(x,) = 0, u(%) = —1; v(x) = —1, v(%,) = 0. (9.1) 

Then u'(%)< 0 v(x.) > 0, v'(x)—Uw'(a) > 0. (9.2) 

This lemma is proved by a simple application of uniqueness. It is, 


of course, equally true if u, v are the solutions of L(y) = 0 satisfying 
(9.1), but the present notation is required in the proof of Theorem 5. 


10. Continuity and derivability 
THEOREM 1. Jf f is sub-(L) in (a,b), it is continuous and has a right- 
hand derivative f', and a left-hand derivative f'. in (a,b). Also, 


J, >f- (10.1) 


and indeed f', = f'_ except possibly in an enumerable set of points. 
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CoROLLARY. Jf for any x in (a,b), y = v(x) ts a solution of L(y) = 
such that 
(i) v(%) = f(%o), 
(ii) f_(%) < v'(%o) < f.(%); 
then y = v(x) is a ‘curve of support’ for the curve y = f(x); 
v.€. v(x) < f(x) (10.2) 
for all x in (a,b). 
Proof. Let x9, %)+h be any points in (a,b). Then 
Py pla) = A(h)e(x) + B(h)eg(x) (10.3) 
where é,(x), @,(2) are two linearly independent solutions of (2.1) in (a,b). 


_ —_— A(h) = S(Xo)€2(Xo+h \—F (Xo t+h)eo(Xp) (10.4) 
€1(Xq)Ca(Xpo t+h)—e(% +h )eo(xp)’ , 


and there is a similar expression for B(h). 


Now, ifO0<h<h’, 


Fyn (®ot+h) = f(tot+h) < Kyy(Xo+h), (10.5) 
and hence, by uniqueness, 
For(®) < Fon(x) for rmcur<b. (10.6) 


Thus F, ,(7) decreases as h decreases for every x in (2p, b). 
Also F ,(%») > F,(%») and so, again by uniqueness, 
Fy n(x) < Foy(x) in (a, Xp). (10.7) 
Thus F) (2) increases as h decreases for every x in (a,%). It is readily 
deduced from Lemma | that the family of functions / ,(2) with h > 0 
is uniformly bounded below in (xy, 6) and above in (a, 29). 
We have now proved that 


F,.(z) = lim #,(x) (10.8) 
h—>+0 
exists in (a,b). Also 
Fy (x) < f(x) in (a,b). (10.9) 


This follows at once from Lemma I in (a,x), and it follows in (x9, 6) 
by letting h > +0 in 
Fy .(@) < Fo,(x) < f(x) (x > ath). (10.10) 


Similarly, F,_(x) [= lim /,(x)] exists and satisfies 
h—>—0 


Fy _(x) < f(x) in (a,b). (10.11) 
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Since, for h < 0 < h’, Fy,(x) < Fy,(x) in (xo, b), we see that 

KH <h. in (%,b), and KR >H, in (a,x). (10.12) 
Denoting e;(x9), €;(x») by e;, e;, we may write 

A(h) = f(Xo)e2— €,A4,+O(h ) 
€, > —€ €, + O(h) 

where A, = [f(ap+h)—f(xp)|/h, and e,e;—e,e¢, #40. Thus, with a 
similar expression for wee 


A — 2 O(h) 
F,,(x) = Ailes €o(%) Co : eM fe “ ee = 4 €9(x)]+ O(h) (10.14) 
“2 2™1 





; (10.13) 


Now (x) tends to a finite limit as h > +0, and e,e,(x)—e,e,(x) 
vanishes only at 2. Hence, A, tends to a finite limit f’. as h > +0. | 
Similarly, f. exists. The continuity of f(a) is now obvious. Further, 


K(x) = fi. [ere s (*) | +F(%o) Le2ex()— ere 2(2 x)| (10.15) 


€ Cp— ln 
showing that / ,(x) is the solution of L(y) = 0 satisfying 
Fy,.(%o) = flo), Foslto) = f(a). (10.16) 
Similarly, Fo (%) = f1(% 9), and so, by (10.12), f,, >f!. Finally, it is 
well known that for any f(x), the set of points where f’, and f” exist and 
are different is enumerable [6]. 
The corollary follows at once from (10.9), (10.11), (10.16). 


11. THEOREM 2. Jf f(x) is sub-(L) in (a,b), then f', and f° are bounded 
in any closed sub-interval <2,, 2» of (a,b). 


Proof. Given x, x, in (a,b), choose any Xp, %3, %, such that 
‘<m< ee mS < = < 6. (11.1) 
With our usual notation, we know that, for x, < « < b, 
Fis(x) < F(x) < Fa(e) (11.2) 


(in the special case x) = x, we allow F,, to stand for F, ,). 
Denoting by e,(x), e,(7) the basic solutions of L(y) = 0, such that 
e,(z,) = 1, G(z,) = 0; efx,) = 0, &(z,) = 1, we find 


Fyo(x) = f(x )e,(x)+ 4e,(x), (11.3) 
where 6 = F}o(2;). 


By (11.2), we know that 


F43(2,) <6 < F(x). 
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Now Fo(x) [= f(x, )e)(~)+6e5(x)]| is a continuous function of (a, 6), and 
hence, for (x, @) in the closed rectangle 
1Se<a, Fi; (%) < 0 < Fj,(x), 


it attains finite upper and lower bounds, M, and m, say. In particular, 


x 


mM, < Fio(%) < YU, (11.5) 
for all vp in <x,,x,>, and hence 
Ff. (%o) > FL (xo) > Fio(%o) > my (11.6) 


for x» in <2, %»>. 
Similarly, by considering the solutions Fy,, F,,, Fy we have 
{- (a) < fle) << MB im 2%. (11.7) 
12. THEeorREM 3. Jf f is sub-(L) in (a,b), then, given x,, x, im (a,b), 
j is the difference of two functions continuous and convex in (x1, Xp). 
COROLLARY. (i) Jn any such (21, x,), f is the integral of a function of 


bounded variation. 
(ii) f has a second derivative p.p. in (a,b). 


Proof. Let x, < 2% < 2X», and set pigs (x) = f(x)+n2x?, and 
F, (x) = Fo, (x) -+-ne. 
Then, by (10.9), F(x) ate (a <b) (12.1) 
and F,,(%o) = fn(%o)s F(a ra) Fin,+(%o)- 
Now 


F() = Fo,s pate 
—[ py(x) Fo, 4(%)+ pox) Fo, (x) |+-2n, 
where p;, P. are the PP in L. In particular, 
F(%) = —[Py(%o) f+ (Xo) + Polo) f(@o)|+ 2. (12.2) 
But, f. being bounded and f, p,, p. continuous in <2, 2#,>, we can choose 
a sufficiently large n so that, for all a, in <2,,2,>, F(x») > 1, say. 


Hence, for x» << x < x)+8, and sufficiently small positive 5p, 
F(x) > F,(x9)+(«—2) Fp, (%p)- (12.3) 
From (12.3) with (12.1) we have 
Sirla) > fn(®o)+(@—Xo) fn, +(@ (12.4) 
for 7; < %< - Ly << U< AytHp. 
To prove f,(x) convex in (x,,%,) it is sufficient to prove that (12.4) 


holds for all 2, in armpit and 2 in (a»,x,). Suppose then that, for some 
2%, (12.4) does not hold for all x in (a»,x,); then there is an 2’ > x» 


such that fla’) = fa(tq) + (22 —29) fin, (2): (12.5) 
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Then f,,(x)—f,,(%9)—(*—%o) fn,s(%o) attains a maximum in (%,2’), but 
this is impossible since this function satisfies (10.1) and (12.4). 

To complete the theorem it need only be remarked that nz? is a 
convex function. Corollary (i) is now an immediate deduction from the 
well-known theorem [7] that a continuous convex function is the integral 
of an increasing function, since the difference of two increasing functions 
is a function of bounded variation. Finally Corollary (ii) follows from (i). 


13. Characterization of sub-(L) functions 
The main theorems stated in § 4 may now be proved. 
Proof of Theorem 4. The first part of the theorem has been proved 


already. Suppose that f"(a») exists for some 2, in (a,b). Since f’(x) 
exists, we see, by (10.16), that 


F(x) = lim F;,(x) 


h-—0 


is the solution of L(y) = 0 satisfying 


Fle.) = fiz),  Folxe) = S'la»). (13.1) 
Thus, at x = ap, 

Lif) = L(f—Fo) = f" (%o)— Fo(%o)- (13.2) 
To complete the theorem, I now prove that f(x») > F(x»). In fact. 


writing g(x) = F,(x)—/f(x), suppose that g’(x)) = « > 0. Then 
g' (ay +h) = g'(ayt+h)—g' (xy) > deh 


for all sufficiently small hk > 0. Since g’ (x) exists, g has a first derivative 
in a neighbourhood of 2, and so 


g(Xy +h) = g(xyt+h)—g(xo) = hg'(xpt+ Oh) (8 > 0) 
> Jebh? > 0; (13.3) 


but this contradicts the corollary to Theorem 1, 


14, THEOREM 5. Given a < a, < % < 2%, <b, positive numbers x, B, y, 
depending On Xp, X,, Xa, and L, but not on f(x), can be chosen so that 


i) af (x9) = Bf(x,)+yf(x2) if f is a solution of L(y) = 90, 
ii) af(a) < Bf(a, # yf (ao) of f is sub-(L). 


Proof. With the notation of Lemma 3, let 


“o= v'(%y)—U' (Xp), B = —u' (x), y= v' (x9). (14.1) 
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Then «, 8, y are positive and independent of f. Suppose first that f has 
a continuous second derivative in (a,b). Then 


f uL(f) da [ fuL(f)—fL(u)} dx 


[uf’— fu’, vt 
—f (Xo) —f(%o)u' (%9) — Pi (Xo) f (%) +f (21 )u' (2) 


Combining this with a similar expression for | vL(f ) dx, 
[ uL(f) dat [ oL(f) dx = af(ey)—Pfle)—rfl@2). (14.2) 


Theorem 5 (i) now follows at once from (14.2). Finally, suppose that f 
is any sub-(L) function, then 


xf (9) S wFyo(%q) = BR2(21)+yFo(%2) 
= Bf(x1)+yf (x2). (14.3) 
15. Proof of Theorem 6 


Suppose, for example, that L(f) > 0 in (a,b). Then, given any 
Xo, L1, X_ for which a < x, < a < x, < b, we see, since u < 0, v < 0, 


ti af tio) < Bflas)+ yf es) 
BF,o(2%1) +yFo(®2) = aFyo(2p). (15.1) 
Since « is positive, (Xo) < Fyo(%p). 


16. Non-homogeneous differential equations 
The characterization of sub-() functions may be extended at once 
to non-homogeneous L. Let 


L(y) = d*y/da*+p, dy/dx+p.y—q(x) = L(y)—q(x), = (16.1) 


and let Q(x) be a particular solution of L,(y) = 0. Then the general 
solution is of the form 


y Q(x) + Ayo. e,(x)+ By €o(2), (16.2) 


where eé,(2), e,(a) are basic solutions of L(y) = 0. Now, if f is sub-(Z,), 
we have, for x in (x, 25), 


fla) < Qa) +A. y()+ Bio eal), (16.3) 
where S(x;) = Q(x;)+Ayee;(%;)+ By e.(z;) (¢ = 1, 2), 
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ie. f(x)—Q(x) is sub-(L), and so, at any point where f has a second 
derivative, L(f—Q) > 0. Hence 
L(f) > £L(Q) = q(x), ie. Lf) > 0. 


The converse theorem is similarly established. 


17. An integral inequality for sub-(Z) functions 
THEOREM 7. If f is sub-(L), then, for0 <h < hy 


Xo Toth ) 


flee) <5 { [sc (uw) da+ { Merde}, ‘ (17.1) 


=f 
where u = }(w—ay+h)?, v = }(x—ay—h)*, and hy depends on L, x, but 
not on f. 


This theorem generalizes the known inequality for convex f: 


Toth 
1 ; 
flee) <3 | fle) de. 
2h 
To—h 
Proof. Let F(x) = K(x) denote the solution of L(y) = 0 satisfying 


F (xo) = f(&o), F'(%o) = + ( 

f(x) > F(x) in (a,b). 

Also, L(v) = 1—p,(x—2 )—h) +4(p.—p)(x—2—h)? 
> 0 in (%9,% +h) for sufficiently small h. 


Similarly, Z(w) > 0 in (a)—h, x) for sufficiently small h. Hence, 


2). Then, by the corollary to Theorem 1, 


Loth Loth _ 
f fI(v) dx > [ FL(v) dx 


= [v’F—vF’—p, vFye*" 
= F(xo)[ —v'(%o) +P (%o)v(e%0)] + (29) F (0) 


= [h+ dh? p, (Xp) |f(%o) + 3h7F (x9). (17.2) 
Similarly, 
[ £L(u) de > [h—¥h*D,(2%)]fley) — HEF (a), 
Zo—h 


and the theorem now follows by addition. 


APPLICATIONS 


18. Some determinantal inequalities 
It is known [5] that, if 2, <2, <2, and y, < y. < ys, then the 


determinant lexp(x,y;)| > 0 (i,7 = 1, 2, 8). (18.1) 
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This result may be obtained at once by considering the condition that 
ev be sub-(L) when L = (D—a)(D—8). By considering in a similar 
manner the equation (D—«a)*y = 0, it may be proved that, for 


4y<X%<2%, and a+f, 





ePrs em xe™ 
eB errs zae™ | > 0. (18.2) 
| eBrs ers Xze%s 


Similar inequalities may be obtained for hypergeometric functions by 
considering their differential equations. 


19. Improvement of known inequalities 
I consider, for example, the mean-value function M(a,q) defined by 


Ma, q) = (> Vi at)" = (S qert\ (7,4 >0; Yq;=1). (19.1) 
i=1 


Writing f(t) = log M,, we obtain 
my 1m PE) Oe Teg PET 
ie ie i hail 
PO+5 1) = 2 a 
= Pt) say. (19.2) 


Now p(t) > 0 unless a; = a, for all 7, k. Hence we have 

THEOREM 8. If L(y) = d*y/dt?+-(2/t) dy/dt, then log M,(a, q) ts sub-(L) 
for t > 0 and super-(L) for t < 0. The theorem is true in the strict sense 
unless all the a; are equal. 

The general solution of L(y) = 0 is y = A/t+B, and, expressing the 
fact that log M, is sub-(L) for t > 0, we obtain the known result [6] that 
log(M,)' is a convex function of t. However, stronger results may be 
obtained by considering more closely the behaviour of p(é). 

THEOREM 9. With the notation of (19.2), suppose that X < p(t) < p for 
0<t, <t<tb,, then 








—Iu(t—)(t—t) < log( M)'— 2 log(M,!*—— log(M, 
ie | _ = 
< —4A(t,—t)(t—t,). (19.3) 
Proof. If f(t) = log M,, we have at once 
P'O+(2/f'(Q—AIt > 0 in (ty), (19.4) 


so that f is sub-(Z) in (¢,,¢,) when L(y) = 0 is 
d*y/dt?+-(2/t) dy/dt—A/t = 0, (19.5) 
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the general solution of which is y = A/t+B+}4At. The theorem now 
follows by straightforward manipulation. 

Moreover, it is evident that stronger theorems may be obtained by 
estimating p(t) more closely. No doubt, all such results can be obtained 
by other methods, but sub-(Z) functions provide a simple general 
technique for obtaining them. 


20. Estimation of solutions of differential equations 

The theory of sub-(Z) functions may be used to obtain upper and 
lower estimates for the solutions of differential equations of type 
y" = F(x,y,y') which cannot be explicitly solved. To illustrate some 
possible techniques, I consider three examples. 

(A) Let f(x) be a solution of the non-linear equation 

d?y/dx?+-a dy/dx+by = q(x) (dy/dx)? (a,b constant), (20.1) 

which may be written L(y) = q (dy/dx)?. Suppose that it is known that 

(i) m <[f’(x)? < M for zx in (x, x5), 

(ii) g(x) > O in (x, x2). 
Then L,(f) > 0 and L,(f) < 0, where 

Ly(y) = Lly)—mq, L(y) = L(y)— M4. 

It follows that, if e** and e8* are basic solutions of L(y) = 0 and Q(x) 
is a particular solution of L(y) = q(x), then f(x) is majorized by the 
functions Ae**+ Be®*+-mQ(x), and minorized by the functions 


Ae*t+. BePe + MQ(zx). 
(B) Let f(a) be a solution of the non-linear equation 
d?y/dx? = y?+ 6x (20.2) 


which is defined in (0,1) and satisfies f(0) = f(1) = 0. Now f? > 0, so 
that f is sub-(Z) for the equation d*y/dxz? = 6x, and therefore 


f(x) << #8—x <0 in (0,1). 


We may obtain a sequence of majorizing functions s,(x) by iteration. 
Thus f? > x*—2z'+-2?, so that f is sub-(L) for the equation 


d*y/dx? = x8— 2x4+-2?+ 62, 


and so on. More generally, we may prove that 
f(x) < Uy(X)+-Ug(X) +... +4, (2) —_ 8,(x), 


where u,(x) is a polynomial non-positive and convex in (0,1) and vanish- 
ing at 0, 1. 
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In fact, s,(x) is the solution of d?y/dx? = s?_,+ 62, such that 

s,(0) = 8,(1) = 0. 
Suppose that w, < 0 in (0,1) (r = 1,..., m); then w,,, < 0 in (0,1). For, 
s? = (u,+8,_,)? = t,+82_,, where ¢, >0 in (0,1). Now w,,, is the 
solution of d*y/dx? = t,,, vanishing at 0, 1, and it follows at once that 
U,,., is non-positive and convex in (0, 1). 

(C) Sub-(L) properties of characteristic functions. 

Let L(y) = d(ky’)/dx—ly, k(x), U(x) > 0; (20.3) 
and let {¢,} be a complete system of characteristic functions corre- 
sponding to the positive increasing characteristic numbers {A,,}, for the 
equation |L+Ag]y = 0, g(x) > 0, subject to Sturmian boundary con- 
ditions. Then, since L(¢,,) = —A,,9¢,, ¢, is super-(Z) when ¢, > 0, 
and is sub-(L) when¢d,, < 0. Moreover, if L,, = L+A,9,¢,,issuper-(L,,) 
when ¢,, > 0, and is sub-(L,,) when ¢,, < 0, for every m < n. 

I am indebted to Professor W. W. Rogosinski for much helpful 


criticism. 
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THE MAXIMUM TERM OF AN ENTIRE 
SERIES (IV) 
By 8. M. SHAH (Aligarh) 


[Received 8 March 1949] 
1. Introduction 


Let f(z) = > a,,z" be an entire function of order p (0 < p < ©) and 
0 


lower order A and let u(r) denote the maximum term of the series for 
|z| = 7, v(r) the rank of this term. It is known [(1) 30-2; (2)] that 


log M(r) ~ logu(r) (0< p<), (1.1) 
im 8H) <1) < BHO) 0 <p <0). (1.2) 
a p A ro v(r) 


Hence for functions of infinite order 


lim log p(r)/v(r) = 0. 
Tro 


In this note I prove 
THEOREM 1. For every entire function of infinite order 
lim log M(r)/v(r) = 0. (1.3) 
re 
This is a best possible result, for we have 
THEOREM 2. Given any increasing function (x) tending to infinity 
(however slowly) with x, there exists an entire function of infinite order for 


which 
ete EO) 0. (1.4) 


r—>00 v(r) 
THEOREM 3. Let L(x) be any logarithmico-exponential function [(3) 17] 
tending to infinity with x and let 


im loglog p(r) _ e 


on ee Og m. 
. log u(r)rL’(r) 1 1 ~— log u(r)rL’(r) 
Ss S$ ZS - SK i. « 
— ew a a*= — 
CoroLuaRy 1. If 
loglog u(r) = {1-+-0 (1) }Hoglogr (1.6) 


for a sequence of values of r tending to infinity, then 


7, log u(r) . 
lim —=——* — ] : 
en v(r)logr Orr 


Quart. J. Math. Oxford (2), 1 (1950), 112-16 
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CoroLtuary 2. Jf logy(r) ~ ky(r)logr (0 < k < 1), then 
, y fl 1 
lime SESH) (1.8) 





roo loglogr =k 
The inequality (1.2) follows from Theorem 3 if we take L(r) = logr. 
For f(z) of any order, we have 


log u(r) — 1. (1.9) 


lim —2" <4 
T—>oO v(r )log r 


Corollary 1 shows that for a class of functions we have a precise relation 
(1.7). It is not possible to improve the hypothesis (1.6); for, given any 
positive constant 8, we can construct a function f(z) for which 

loglog n(r) = {1+8-+0 (1)Hoglogr 
for all r > r,) and for which 


log p-(7) l 
eo 
lim loge = 14 +B 


cas f = S48 
f) = Dine a se 


2. Proof of Theorem 1 
We have [(1) 31] 


Take, for instance 





, 
M(r) < pl(r){p 
(7) < wl ( +75} 
where p is an integer greater than v(r) such that R, >r. Take 


] 
p o(r-+ — ) +1. 


rv*(r) 
Then R, > r+1/r(r) 
and , ' 
M(r) < p(r) (r+; +- ag\t} + nvr) | 
log M(r) < {1 Lo(tlogner+2iogor4--2-) (2.1) 
rv?(r) 
for r > ry. Further, from (1.2), 


lim log p(r)/o(r) = 0. 


r—>20 
Hence lim log p(R,,)/r(R,,) = 90. 
no 
Given « > 0, let E denote the sequence of all positive integers 7,, Mg,... 
such that log p(R,,)/v( Ry) <€ (1 = My yy.n-)- 


3695.21 I 
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Either [Case A] there is a sub-sequence of integers K, say (t = 1, 2, 3,...) 
tending to infinity such that 


| 
Rinst > Rn+73 (m — K)), (2 : 


1 
v(R,,), 
(2 n+p y(R HES) A ( al 
< {1+0(1)} logu(R,) , 2logr(R 


bo 
bo 
~_— 


in which case 


log M(R,n) m) < 3e for m> my. (2.3) 








VR) VR)! (Ry) 
Or [Case B] for all large m, say m > N, of E 
Rna < Rat (2.4) 
in which case either R,,,, = R,, and then m+1c E£ or R,,,, > Ry; 
log (Ry s1) “fF v2) 
Og w m+1 } < Vie 
WB) rile (Balt ‘/ a | 
Rm 


since v(R,,,,) >m-+1. Now, from (2.4), 
1 — log o(Fn) 
< mR, m 








m log Rus 
m 


Hence log u(Rin+1) < log u( Bn) < 


v(Rin+t) m 
and som-+l1c #. Similarly m+2, m-+3,...c #. Letmc Handm > N. 
Then 


m+p—-1 


1 
Rasp < Rat > —. <a constant, 
n 
m 


which leads to a contradiction since R,,,,, tends to infinity with p. 
Hence the alternative (B) is not possible and (2.3) holds and the 
theorem is proved. 


3. Proof of Theorem 2 
Let ¢(r) > 0 for r > ry and let 
ex() = explo), egal) = expfeg(x)} 
Iy(a) =logx, ——_Iyax(w) = log {l(a}. 
We can construct a non-decreasing function ¥(r) tending to infinity 
with r such that 


“(r)=0 for O<r<r, = max{ry,e,(1)}, 
wr) <V(P(r)} for r>n, 


se 1 
b'(r) < ri (ryltr)halr) for r>", (3.1) 








ex 
ar 


ph Az 
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except possibly at an enumerable set of points where the right-hand 
and the left-hand derivatives »’(r-_0) exist and satisfy (3.1). Let N be 


a positive integer such that ¥(N) > 1. 


Lemma 1. Forallin > WN, 
nin) — (n+ 1)Udn+1), 


For =" - 
| dt 
b(n+1)—p(n) = | P(t) dt < | tl,(t)lo(t)lg(t) 


n 


1 ] 
Yo canoe xi] 
Ah +;). 





1,(n)l,(n)lg( 
y(n 1) - 1 1 . 1 
~ ab(n) -y )lo(n)lg(m) ob(n) log(1 +r ) 
e log(n+-1 1) 
ii — . (1 * )= logn ’ 


which proves the lemma. 
Let R,= Rk, =..=Ry=1, &,= 
Then, for n > N, R,, is a steadily increasing 


mid) 


for m = N+1, N+2.,.... 
function of n tending to infinity with n. 


LEMMA 2. s log R,, = Fin O8"—1+ 0 (D}. 
. 4 Ls ( 


For 
v 
s log R : og ee 
aati us(m) 
N+1 
n 


[ ee, dx | oflogn) 
u(r) Oa n) )J 


© 


N41 
nlog n de J a log x b'(x) dx al 

= — — - O 
b(n) | oe 





bla) * a (2) 
1 +1 

_ nlogn—n- mm a yp" a 4. j vlog xp'(x) dx 
- s(n) ; yb?(ar) yb?(a) . 


N+1 N+ 


Let the two integrals in the last expression be denoted by J, and J,. 


Then 
n 


° xlogx dx r A n 
= — ie O “ao , 
| cl (x)ly (xls (x)b"(x) | {|< add (vn) rap| 
N+1 N+1 an 


lL, < 
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Now b(n) — yom = fv ()dt<; ign Tale aa? as n>. 


Hence J, = o{n/b(n)}. Similarly I, = o {n/(n)} and the lemma follows. 


Let S(e) = S ri Rr 
1 Re: 


n 


From Lemma 2 it follows that f(z) is an entire function of infinite order. 


Further, for R, <7 < Ry, (n > > N), 








v(r) = n, ur) = er a 
a a : a 1+0/(1) 
= > -, log w(R,) = “(n log R,, b 4 log R | = win) ’ 
d(r) $(r log p( (r) ~ $f Fs o(1 (1)} > > ¥(R,) Ye) 4 +o (ay, 


vr) > wn) * p(n) 
which tends to infinity with n, since (R,,) ~ ¢(n). Hence the theorem 
is proved. 


4. Proof of Theorem 3 
The proof is omitted as being similar to that of Lemma 1 of (4). The 
two corollaries follow immediately from the theorem. 
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ON THE STABILITY OF MACLAURIN 
SPHEROIDS ROTATING WITH CONSTANT 
ANGULAR VELOCITY 
By C. PRASAD (Oxford) 

[Received 15 March 1949] 


DiscussINe linear series in his writings on the configurations of rotating 
fluid masses, Jeans (1) has written ‘it appears that a change of stability 
occurs at every point of bifurcation, and at every point on a linear series 
at which pu {the slowly varying parameter of the series] passes through 
a maximum or a minimum value.’ 

In the case of a Maclaurin spheroid rotating with constant angular 
velocity this statement leads to a result which is contrary to what 
one would suppose intuitively. As the angular velocity increases, the 
Maclaurin spheroids, which are stable at first, become unstable after 
the point of bifurcation with the Jacobian ellipsoids is crossed. If the 
angular velocity is further increased, we get a series of unstable spheroids 
until the point is reached for which the angular velocity is a maximum. 
After this point, increasing ellipticity of the Maclaurin spheroids accom- 
panies decreasing angular velocity, and the question arises whether the 
series becomes stable after the turning point, as Jeans’ statement would 
imply. This led me to investigate the problem analytically. 

I shall start with the general case of an ellipsoidal configuration. 
Let w be the angular velocity, W the gravitational potential energy, 
and J the moment of inertia about the axis of rotation. For the 
configurations w = constant, 

W—}w*T 
must be stationary for equilibrium, and an absolute minimum for 
secular stability (2). 
Now, we have 
W -} [ V dm 


e 


rer PPR 9 a y 22 dX 
—lerypat an An aye 
Jerypabe | | | | ( aA BLA et dadydz, 
0 


where the triple integral extends over the volume of the ellipsoid and 


A(A) = {(a®-+A)(b2+A)(c2+2)}. 


Quart. J. Math. Oxford (2), 1 (1950), 117-21 
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Performing the triple integration, we get after some simplification 


» [aa 
W = —%sy(zpabe)? Kay’ 
0 
and putting 
A = o, s = c#/a?, ¢ = c*/6%, 4mpabc = $npr3 = M, 
we may write W = —2ypM7z(st)* | - 


0 
where A now stands for ,/{(1-+-sx)(1+-tx)(1+2)}. 
We also have 


= 1M (a?+b?) = 1 Mr3(st)! ei} 





Thus  W—jw*T = —pMr mrt f Z+(0 st) “z)- «| 
0 


This gives W—3w?J as a function of the two parameters s and tf. 
Dividing throughout by (4;M7r3)(27yp) and for brevity writing h and 
W’ for w?/2myp and (W—4w?1)/{(4;Mr?)(27yp)}, we have the relation 


W’ = cafe f 24 (Ha (1) 
0 


The stationary values of W’ give the configurations of equilibrium, 
and they will be stable if W’ is an absolute minimum. On differentiating 
(1) and simplifying we get 





5 iad 9 } r = 7 ¥ . Pa. 
OF ae oS [ a [ =. o- 
os 38 J (I-+sv)A JA st 
~ 0 0 (2) 


4 , \ - oo oO ; 26 
ew — (st)* , da = [ S+& s)h 
et 3t (l+t~)A J A st 
* 2 0 


These equated to zero give two equations, from which by subtraction 
and by elimination of h we get either s = ¢t, in which case the equilibrium 
configurations are Maclaurin spheroids; or 








i 


i ot a | x dx (3) 
(1+-sx)(1+-tx)A 
0 
and [. oe T OF ay... j* = 0 (4) 
J) (l+sx)(1+tz)A ~ A ; 


oy 


0 


0 
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which give the equilibrium configurations known as Jacobian ellipsoids. 
I proceed to find the stability of Maclaurin spheroids. We have on 


differentiating (2) and simplifying 











AW’ _ _(otilog fae _ag ( _ 
os? 18s? (1+ -sa)?A J (1+sax)A 
0 0 
Pr dex 5t—s 
7 | —+4 ] 
+1 [E+ ( st i 
0 
ew’. __ (st) ; 9 dx 3 dx = 
esct is | J (l4+say(1l+txz)A ~ J (1+sxr)A 
0 0 y (5) 
r dx r dx st 
=. ~ ow fi h 
lavca* | A (5) 
0 0 
eu (st)! “— r dx . da 
=—- ad — 42 
ct? 7 | (1+tax)?A | (1 ix) 
0 0 
dx 5s—t 
71 —+4{/—_-9 
+7 | S+ ( st | 
0 
For a configuration of equilibrium 
sw = EM (sey2 4 2 (bey(51) 4+ cary, 
2\| ds? eset ot" | 


on neglecting higher-order terms. For the particular case of Maclaurin 


spheroids s = ¢, and this gives 
1 


SW’ (x 5824-28 Ssdt-+« Sf), (6) 


ow’ aw’ cw’ 
where .= ( -} : (“ - and B= ( . : (7) 
Os" } g=t OF |} gt eset } 4 


This may be written as 


oy 5s. §f\2 50—5t\2 
on o+A)(? 3 y+o—2)(° =). 





i.e. SW’ = b, 63+, 43. (8) 
where 

by =atB, b,=a-B, $= H88+3!), do = HBe—81). (9) 
For stability W’ must be an absolute minimum, and therefore 6, and 


b, must both be positive. 
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We have from (5), (7), (9) 
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r lx r dx dx 
b, = —2s-1 of. ; —12f : ‘3 =h 10 
"1 i J (l+sa)?A : jiiwa* “+ (10) 
0 0 0 
where now A = (1+ s8x),/(1+2). 
For the case s = t, we have from the equation dW’/és = 0, 


is 8) 


de r dx 

h = 38 _ —e 1 

. A Rressyt "Ia (11) 
0 


0 
From this we get 


Ste, - late 
ds (1+sa)?A (1+sa)A 
0 


Now, substituting the value of h from (11) in (10), we get 


f dex fad dh 
= —25-4 —_———_—— } — =o 15-4 
Oy - vis | eoma| "ds 


_ (1—e?)-# dh 
a 6e de 





since s = c?/a? = 1—e?. 

We know [3] that / increases with e at first, attains a maximum 
at e = 0-930, and then decreases as e further increases. Hence )b, is 
positive when 0 < e < 0-93, zero at e = 0-93, and negative when 
e > 0°93. 

Again, from (5), 


4]. r dx Pf dx 
bs = —khs Pf aan" otent [F re “| 
0 
r dx dx 
— —s-5 dax 
; o fara? | ate - (3 by (11). 
0 


Now, if we put s = ¢ in the left-hand side of equation ” it becomes 





r 8+28r ES r — 
} Fea ian (i-tsxPA* i a eee 
0 
Thus b, is zero for the Moclaurin spheroid which stein equation (4), 


or in other words, for the Maclaurin spheroid at the point of bifurcation, 
for which e = 0-8127. 











- 
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Putting 5, in terms of 1, where 
s = 1—e? = 1/(1+P), 


we get by actual integration 








34147243147 31+1313 
b, — ee pe oo t “a . 
2 = “GR Bp Eee -" J 
The sign of b, depends on the terms within square brackets, and, if we 
31+- 138 
t Wei. cexiecteietteeie canis ian AP 
pu $(l) 3 14P 3h an~1J, 
314(3)2 _]2 
we have ¢'(l) = _ 16M (s+ 1)(1 ”) 


(1-+/?)(3+ 14/?+ 3/4)?" 
Thus ¢'(l) is positive when 0 < / < 1 and negative when! > 1. There- 
fore ¢(/) continuously increases in the range 0 </1< 1 and then 
continuously decreases when / > 1. But, when / ~ 0, ¢(/) ~ 382° and, 
when 1~o, ¢(l) ~ —4n. Hence ¢(/), and therefore 6,, remains 
positive from / = 0 to some value /, of 1, when it becomes zero, and 
then it remains negative for all values of 1 >J,. The value of the 
eccentricity corresponding to J, is 0-8127. So we see that b, is positive 
when e < 0-8127 and negative when e > 0-8127. 

Summarizing the above results, we see that, if e < 0-8127, both b, 
and b, are positive and the Maclaurin spheroids are stable for all kinds 
of displacements. After the point of bifurcation with Jacobian ellipsoids 
is crossed, b, becomes negative, though b, remains positive. So the 
Maclaurin spheroids are unstable in this case. If, however, they are 
constrained to remain spheroidal, 5s = 8¢, and thus ’W’ = 6b, $3, which 
is positive; so they remain stable. For configurations of eccentricity 
greater than 0-930 (which corresponds to the configuration of maximum 
angular velocity) b, and b, are both negative and the spheroids are 
totally unstable. 

Thus it is not in general true that a change of stability always 
accompanies the passage of the varying parameter (in this case w) 
through a maximum or a minimum. 

I am grateful to Professor E. A. Milne for his encouragement and 


interest in the preparation of this paper. 
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THE APPLICATION OF MULTIPLE FOURIER 
TRANSFORMS TO THE SOLUTION OF PARTIAL 
DIFFERENTIAL EQUATIONS 


By J. L. B. COOPER (London) 
[Received 19 March 1949] 
1. Introduction 

Although the literature contains a number of applications of multiple 
Fourier Transforms to the solution of partial differential equations, and 
in particular to the solution of the initial-value problem of the wave 
equation [see for example 1 (387-95), 2, 3] these solutions are not 
investigated rigorously. Thus Courant uses Fourier integrals as a 
heuristic process to obtain a formal solution, which is later justified by 
other means. The methods used so far can be made rigorous only if the 
solutions are assumed a priori to satisfy certain rather arbitrary con- 
ditions. In view of the wide scope of the method for the solution of 
equations with constant coefficients (at least) it seems worth while to 
show that it can be used rigorously with no more assumptions than are 
necessary in any other method of solution. This is the aim of the 
present paper. The method will be illustrated by application to the 
wave equation in an arbitrary number of dimensions. 

To begin with, the techniques to be used here and the difficulties in 
the application of multiple Fourier transforms which they are intended 
to overcome will be explained. 

1.1. The first difficulty in any application of Fourier transforms 
concerns the necessity of some assumption about the behaviour of the 
function at infinity. If the Fourier transforms are taken over the whole 
infinite region of integration, a restriction on the size of the functions 
involved at infinity is unavoidable. I shall use instead a ‘truncated’ 
Fourier transform, as in (4); this involves boundary terms in the 
solution, but in the case of hyperbolic differential equations these can 
be eliminated. (Parabolic and elliptic differential equations need 
further examination: their solution, or proof of uniqueness, generally 
require restrictions on the size of the solution at infinity, but these are 
demanded by the equation rather than by the method.) One advantage 
of this method is that the uniqueness problem of the differential 
equation is solved; whereas the ordinary Fourier-transform method 
proves uniqueness only within the class of solutions satisfying the 
conditions at infinity imposed by its use. 


Quart. J. Math. Oxford (2), 1 (1950), 122-35 
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1.2. The second difficulty is peculiar to multiple, as opposed to 
simple, Fourier transforms. Convergence or summability of an ordinary 
Fourier integral depends only on the local properties of the trans- 
formed function; convergence or summability of multiple Fourier 
transforms, by most methods, depends on properties of the function 
near any point which has one coordinate the same as that of the 
point at which convergence is being considered. The effect of this is 
to make convergence very difficult to prove for the integrals obtained 
as solutions of differential equations. For this reason I shall use here 
the spherical means of 8. Bochner, for which convergence is a local 
property [see 5]. We need consider for our purpose only spherical 
Abelian means: that is to say, we evaluate the multiple Fourier integral 
for f(%1, X2,...,%,) by considering 


e-p-iu.x dy,...du, [ { under dy,...dy;, (1) 


a 


lim oar | | 


where P 2 $ ; ' : 
“= ut... +up, UX = Uy Hy UgUgt... Up Xp. (2) 


In the second section of this paper preliminary results on the con- 
vergence of spherical Abelian means are given; this is done for complete- 
ness, and because a much simpler proof can be given in this particular 
case than is given by Bochner for the very general case which he 
considers. In the third section, the wave equation in k dimensions is 
discussed; the solution is carried out in detail for k odd and also for 
k = 2, in the case when the Poisson form of the solution holds. A 
discussion of the existence of the solution, and the propagation of the 
solution according to Huygens’s principle is then given; this applies 
even when the conditions of differentiability necessary for the Poisson 
solution do not hold. This section of the paper proves existence of the 
solution in a mean-square sense, and does not involve the theory of 
summability by spherical means: its conclusions are valid even with 
discontinuous initial conditions. 


2. Spherical means 
For shortness I shall use the notations 
du for du,du,dusz...du,, ete., f(u) for f(uyz, Ug, Ug,..., Uz), ete., 
UX = Uy Xz + Ug Vat... Uy Xp, 
p? = u2+u3-+...+ uj, r? = a2+a3+...ta}, 
Integrals with no limits are k-dimensional integrals over the entire 
space. Integral signs will not be repeated in multiple integrals. 
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The integral in (1) is of the form 
=e 
(2z)* 


with o(p) = e-*?. We shall consider integrals of this form, supposing 
always that’ f(x) is summable over the entire range of integration. In 
this case we are justified in inverting the order of integration, and we get 


| o(p) du | fly)ei"--» dy = I(x), say, (3) 


Io) = | fay | o(p)e™o-* du (4 
(2n)F 
The inner integral is a function of r only, where 


2 = (y,—2,)?+...+(y,—2,)*, 


and it can be written [see 6, 186] 


a.t~a (2zr)§* o - ; 
H,(r) = | o(p)e-Y- du = ie o(p)p**Jyy,_»(pr) dp. (5) 


0 


I,(x) can now be evaluated by summation by spherical shells, and we get 
I(x) = —E, | f(r)’, (r) dr, (6) 
(27)* 
0 


where I have introduced the following notation: for any function %(z), 
%,(7) denotes the mean value of ¢% over a sphere of radius 7 about the 
point x: that is to say, 


’(r) = w! [ h(a, +r&,,...,%+7&;,) dS, 
Sk 
where the integral is taken over the surface of the k-dimensional unit 
sphere S, (€?+...+é€% = 1) and 
wy = 20*/T(3k) 
is the surface area of this sphere. 


Spherical means. Consider the integral (1), which is the special case 
of (3) with o(p) = e-*. In this case 


H,(r) = (2m)#r-&-® | e-S>p i y_»(rp) dp 
0 


= Der MeDP ($k -+ $3 /(B2-+ 12), 








— 
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from known Bessel-function results. Hence 
ete )| drk-1 dr 
I(x) = ig 0 (pre 


We must consider the limit of this expression as 6 > 0. For all 6 > 0, 











so that, for any constant s, 





Tl (o\ 20 (3k+4) ae ae . 
| [,(x) vn T(4k) | \fz(7) (82 y2)ak+d (7) 
0 
Write F(t) = ( f(r) —s|r*¥ dr. 
0 


I shall now prove that (7) vends to zero as 5 > 0 if F(t)t-* > 0 ast > 0. 
For any « > 0, there then exists 7 > 0 such that F(t) < e* fort < e. 
Take 6 < » and split the integral in (7) into contributions from (0,5) 
and (8,00). Then the integral over (5,00) gives, after integration by 
parts, © 
[SF (r)(82-+r2)- YS + (+1) [8x F(r)(82 +22) dr. 
6 

The expression in brackets is 2-*-18-*F(8) and this tends to zero as 
5-0. As for the integral, consider the contributions to it from (8, y) 
and (7,00). F(t) is O(t*) as t > a, since f,(r)r*-1 is L(0,00). Hence the 
integral over (7,00) tends to zero as 8 > 0. The contribution from (8, 7) 
is less than 9 
6 [ r-? dr = 68[8-1—y-] < «. 

) 

As for the contribution from (0,5) to the integral in (7), we have, for 
0<r<é, 

Srk-1(§24.72)-¥k-# < §-kypk-1, 


so that the contribution of this part of the integral is less than 


) 
* | | felr)—s|r* dr = 3-*F (8). 


0 
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Hence the integral J,(2) tends to s if 


t 
[ \f.(r)—s|r*-1 dr = o(t*) as t>0. (8) 


0 
If we take s = f(x), then 


if,(t)—s| < =| If (at ttE penny Cy+tE) —f(yyo-es %q)| US, > 0 
Sk 


as t > 0, if f(x) is continuous at x. Thus, for any continuous function, 
and, more generally, for any summable function for which (8) is satisfied 
with s = f(z), 





f(x) = lim : z fe du | flyer» dy. (9) 


80 (277) 


3. The wave equation 


Consider now the k-dimensional wave equation 


Se ee Oe | (10) 


aya ' °° | oe” oye? 
Oxy Oxy = =t 


with the initial conditions f(x, 0) = (x), f(x, 0) = (x). 

To begin with, we restrict ourselves to finding the solution for 
values of ¢ less in absolute value than some constant 7', and values 
of x in some bounded region D’. Let D be a domain, which we may 
take to be a sphere or a cube, with surface S, lying in the x-space and 
such that a sphere of radius 27' about any point of D’ lies wholly 
inside D. Write 

F,(u,t) = [ f(x, them dx, 
D 
and, correspondingly, 


®p(u) = [ P(w)e* de, — Yy(u) = f plwje™= de. 
D D 
By Green’s theorem 


| [V2fe-2+- p2fetu.2] dx — [ (Ler +—y Satu) ads, 
a Vv 
D 


Ov 
S 
and so the wave equation (10) gives 
9 
@F, 


at? 


+ p?Fp(u,t) = xp(u, t), (11) 











TH 
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where yp denotes the surface integral on the right-hand side of the 
previous equation. We get, solving (11), 


t 
F,(u, t) = A(u)sin pt+ B(u)cos ere [ Xp(u, T)sin p(t—z) dr, 
Pp * 
0 


and, from the initial conditions, 
pA(u) = ®/(u), Bu) = ¥p(u). 


Since f(x,¢) is continuous in 2, it follows from the last section that, for 
all x inside D, 


F(z,t) = jm = [ e-Berien(u,t) du, 


and, on substituting the expression found for F,(u,t), we get 





J(z,t) = im [ ¢ -dp—iu. z8in pt 7, [ dyer» dy+ 


0 (27 p } 
D 


+fe e-p-iu.% eos pt du | dyer dy-+ 
D 
t 


+ fe —dp-iu. ,du ™ | xo(u.7)sin p(t—r) ir. (12) 


0 


This is an expression for the solution of the wave equation, which 
can be simplified to give the classical expressions. I shall now carry 
out this simplification, supposing that k is odd. 

The first term in (12) is a case of the integral (3) with ¢ in place of f, 
and 

sin pt 
o(p) = Se, 
: p 
In this case 


H,(r) = (22)*r-He-2) | e~? sin pt pS. 1(rp) dp 
0 
é 


\k-2 7 
= (—1)#4-0(27)#r 1a-a(7) [ <-> cos pt p-"Viqa(rp) d 


1 


(—1 ih ID7tk [QO \k-2 [ , ; 5 5 
=— i. = & 1—v2 Kk-3)) d , 
Val $k—4) ( ) Sal laces t ere P 


0 
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using the known result for the cosine transform of a Bessel function 
[7, 178]. This can be written 


2(— tk-t p\*-* d 2 2 . ‘a 
H,(r) = wma alal | (r2—v2W®-9[K (8, tv) + K (8, t+0)] de, 
. 0 


where K(6,x) = 6/(6?+2?). 


Since the integral can be differentiated under the sign of integration, 
it can be written 


4 \k-2 
| (2 —vay-9/ <) {K (8, t-+-v)—K(8,t—v)} dv. 
ov 
0 


Substituting this in (3), we get 


ov 


™ 7 erent [ r4.(r) ar [ (reopen ZV. 0)—K@,t—r)] dv 
0 


= -o J () e101 H0.1—n)00 fo 2_y2)Ik-Ing (r) dr. 


v 


After repeated integrations by parts, the integral becomes 





— é re ok 20 
[Say 22 2 KO, t+)-KO,t-op] + 
r=0 0 
k-2 r ry ok-2Z 
+(-18+ [ [KG,t+0)—K@,t—0)] S22 de, 
0 
where we write Z(v) = | (r2—v2)lk-trg (nr) dr. 


As 60 the expression in square brackets is O(5). For ¢ > 0, the 
integral tends to “ 
sie e\ak 
—"F | (r?—t?)**-ir g(r) dr 
i 
if this expression is a continuous function of t, or if ¢ is in the Lebesgue 
set of this function [cf. 7, 31]. Since 


J rd.alr)(r2—2)!@ dr 








is 


I 
t 
é 
( 
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is a polynomial of degree k—3 in ¢, its derivative of order k—2 
vanishes, and hence the expression above is equal to 


; t 
ok-2 


7 —— 5 | 2 —#)4-rd (7 dr. 
otk-2 


0 
Finally, we get 


: sin pt. 
lim(2n)-# | e-#DPe—wz dn | ay)eter dy 


t 
- aaila) | (t2—r2)kk-Byrg (r) dr, (13) 
~ (k—2)!\at eur 
0 
provided that the last expression is continuous in ¢; and in any case 
the statement is true almost everywhere if the expression exists 
everywhere. If k = (2m+1), it is easy to show by induction that 


(13) is equal to 
m é v 
> at(Z) to, (14) 
ot 
v=0 
where the a, are constants. 

The existence of the limit in the form given thus depends on the 
existence and continuity of the derivatives of ¢,(t) with respect to ¢ 
up to the mth order. From the expression for ¢,(t), these conditions 
will hold if 4(x,,...,,) is differentiable with respect to 2,,...,2, up to 
the mth order. 

The second term in (12) is the value of (3) when 


o(p) = e-*? cos pt. 
Here 


co 


H,{r) = (2n)**r-18-® [e800 pt p#*Jyy.»(rp) dp 


0 


| _sa-aft f 
= (—1)}4-0(2n)ty 4-25) | e~*? cos pt p~*-Jiq._» (rp) dp, 
0 


and by arguments similar to those above we find that the limit is 


l 0 ie 2 2 4(k—3) , d 15 
(k—2)! at (t i} rbs,(r) r, ( ) 
0 
almost everywhere if -(2,,...,2;,) has derivatives up to the (m+1)th 


order, and everywhere if the derivative of order m+-1 is continuous. 
3695.2.1 K 
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We now consider the last term in (12). It is 
t 


F tn ep OM ; of . - 
e-Sp—iu.ae sin p(t—r) dr [ F pinup © einy dS 
J p J Lev Cv 
Ss 


0 
: . 
= [ ar [ fF as [ e-Beriune 7) 5 p(t -T) du 
Cv . p 


0 s 
t 
7 et [J ‘dS [ <-mt elu 2) Sin p(t—t ae. 
j év p 


The inner integral in the first expression in the bracket has been 
evaluated above: it is 


, ne Pe i 8 . 





where C;, is a definite constant. 

At this stage, we recall the provision made earlier that we are to 
consider values of x inside a region D’ and values of t such that r > 2¢ 
everywhere on the boundary of D for any point in D’. If we differentiate 
the expression (16) any number of times under the integral sign, we see 
that the integrals so formed converge uniformly to their limits for 
)<t< T and all distances r between points of D’ and the boundary 
of D. The limit of the integral in (16) as 6 > 0 is a multiple of 

(r? 17. {2)ke 3) 
and from this uniform convergence we conclude that the inner integral 
converges uniformly to zero in the range of values of r and ¢ considered. 
By a similar argument, the second integral above also tends to zero, 
and we therefore have 


t 
i (x,t) = (5) : | (2—r?)h4-Drg (r) dr + 


(h—2)!|\et 
t 
o\*k-1 
+( [ er yh Dros (7 ') dr (17) 
at . 


0 


almost everywhere in D’ if d(x) has derivatives up to the order }(4— 1), 


and x(x) up to order $(4+1), and everywhere in D’ if the highest of 


these derivatives are continuous. 
The restriction of x to D’ and the restriction t < 7' is removed 


simply by noting that D, D’, T are quite arbitrary, and are not 














a 
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involved in the formula (17); so that, for any given point and any 
given ¢, the formula (17) can be shown to hold by choosing D’ to 
contain x and T' > ?. 

The classical solution of the wave equation is thus found, under the 
classical conditions, which are known to be necessary for the existence 
of this form of the solution |cf. 8, 182, and 1, 399]. Hadamard demon- 
strates that, if these conditions are violated, no solution of the Cauchy 
initial-value problem exists. 

So far it has only been shown here that, if the solution exists, it has 
the form (17). We must also verify that (17) is a solution. To verify 
that the initial conditions are satisfied, we may use Parseval’s theorem 


a 


f (a, t)—b(x) |? dx = sy [ \F(u, t)—¥p(u) |? du 
D 

and, on substituting the expression found for F),(u, t), it is easily verified 
that f(x, t) > &(x) in mean square as ¢t > 0, throughout any finite region. 
The expression (14), with the similar expression involving %, then shows 
that f(a,t) tends to a limit as t-> 0; and continuity shows that this 
limit must be ¢s(a) everywhere and not merely almost everywhere. 

To show that the equation itself is verified, we observe that, if fp, 
denotes the function which is equal to f in D and zero outside, then the 
transforms of é*f,/ct? and V?fp are 


ek, 


(27) and (27) —p*Fp+ xo. 


respectively, so that 


“9 ’ 
\eFp 


| otf OF ] [ 
-—V2fi dz — 
J) ae = oe) | ae 


aa + p*Fp—xp|du = 0. 
! 


D 
and, since €?//ét? and V?f are continuous, it follows that they are equal 


everywhere. 


4. Even values of /: 

The method of solution given above shares with every other method 
of solution of the wave equation, save that of M. Riesz, the peculiarity 
that the analysis is different for even values of k from the analysis for 
odd values of k. For general even values of k the reduction of the 
solution from the form (12) to the form (17) is very difficult, and it is 
simplest to rely on Hadamard’s ‘méthode de descente’, by which the 
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solution for k = 2m can be deduced from that for k = (2m+1). In 
this method, we substitute for the problem of solving 

e ef ef 

aed Tagg = op 
with 


S(@ys+++5 Xe O) = H(Hy,---, Ly), F(X qs-+5 Upp O) = P(ty,.--, Xe) 


the problem of a 





er er eF 
ong * "Of, 
with 
F(aq,00, X55, 0) = G2 4,..., By), FY 24 ,.2+) Lezy, 0) = G(X q,.-+5 Ly). 


The solution F is then independent of x,,, and gives the solution of 
the original problem, which is found to take the same form (17) as above. 

These difficulties apply only to the problem of getting the solution 
into the final form (17); the proof that the value of the solution at a 
point depends only on the initial values within a sphere of radius ¢ 
about the point is as before. We may add that for the case k = 2 the 
solution by the direct method presents no difficulty. Consider the first 
term in (12), where for k = 2 we get 

H,(r) = 2a | e~Psin pt J)(rp) dp 


0 





=2r{| § § di 
SLB Ho)? 8+ (E+ 0)?] Vv? 1)’ 


using Parseval’s formula with a formula for the sine transform of Jp. 
The first term in (12) then gives 


if rr 8 8 dv 
oa | rp,(r) ar | seyowe see (v?—r?) 
0 r 





1 @o 
as x | EE t—v)? S+(t+0)p 
0 


t 


_, f rbetr) . 
| yee @ 0). 





8 fF rbelr) 
ae Je2—r?) dr 


In the same way, the second term in (12) gives the other term in 
(17); here ¢ must be assumed differentiable and y% twice differentiable. 
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5. Differentiability and propagation of the solution 

The values of f, and of f for t = t, constitute data for a new initial- 
value problem, and, for any t > ft), the solution must be obtainable 
from that at ¢ = ¢) in the same way as it is from that at ¢ = 0; this is 
the essence of Huygens’s principle. It is necessary for the validity of 
this method that f should satisfy the appropriate differentiability 
conditions at t = t). Now the Hadamard solution of the wave equation, 
like that above, requires that the initial values of the function have deri- 
vatives of order [4k|+-1; the existence of derivatives of this order at t = t, 
requires the existence of derivatives of twice this order at t = 0: and 
thus to maintain Huygens’s principle we should appear to require that 
the initial values be analytic; for otherwise the interposition of a suffi- 
cient number of intermediate values of t between 0 and the final value 
would cause the necessary differentiability assumptions to fail. We shall 
show that, if the derivatives of a given order of the initial values of f and f, 
are integrable in square over any bounded set, then so are the derivatives 
of the same order at any later value oft. The differentiability conditions, 
in this stronger form, are transmitted. [Cf. 9, where other transmitted 
(fortsetzbare) conditions are given for k = 2, and also 1, 468-9. ] 

We have shown that the values of f and of its derivatives inside a 
fixed sphere D’ at time ¢ depend only on the initial values of f and /, 
inside a sphere D”, with the same centre as D’ and radius greater than 
that of D’ by t. This proof required no assumptions of differentiability. 
In order to discuss the summability over D’ of f and its derivatives at 
time t, we may therefore alter the initial-value problem by taking, in 
place of & and ¢, functions equal to them inside D”, vanishing outside 
a sphere D concentric with D” but of larger radius, and continuous, with 
derivatives of all the necessary orders (i.e. up to the order of the highest 
derivative being considered) existing everywhere and of summable 
square over D. The function which is the solution of this new initial- 
value problem has values at time ¢ coinciding with those of f everywhere 
inside D’: and, if we show that this new function has derivatives of the 
appropriate orders which are of summable square over the whole space, 
we shall have shown, a fortiori, that those of f are summable in square 
over D’. This amounts to saying that in order to prove our result we 
need only consider the case where the initial values vanish outside some 
finite sphere, and hence we shall suppose this to be so and shall 
therefore extend the appropriate integrals over the whole space in 
what follows, since the integrands vanish outside a finite region for any 


value of t. 
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If the Fourier transform of f is 
: ] ae ae my ; 
F(u,,...,%,) = Qn) | fe jet dy, 


then, on integrating by parts, the Fourier transform of é"f/éx7 is 
(—iu;)"F(u) if of/ex; is of summable square over the whole space: 
then so, by the ordinary L? theory, is F/(—iu;)’. Since the Fourier 
transform of f is 


®(u) pt. W(u)cos pt, (18) 


and that of e"f/éxf is (—iu;)-" times this expression, we see that, if 








or-1 

= and * are of summable square then so are (—iu;)-"*4® and 
6a Oat 

j J 


(—iu,;)"¥, and hence so is (—iu,;)-"F, and consequently so is @"f/é2%. 
Applying a similar argument to f, we get the following result: 

If all the s-order differential coefficients of f(x, 0) and all the (s-+1)-order 
differential coefficients of f(x, 0) are of summable square over any bounded 
set, then the same is true of the corresponding differential coefficients of 
Six, t) and f(x, t) for any t 

The existence of a function f(x,t) for every point x can only be 
inferred if s > [4k]+1; and even then the function f(x, t) need not be 
differentiable. 

However, for any s > 0, the function whose Fourier transform is (18) 
does exist in a mean-square sense, and its derivatives of order s also 
exist almost everywhere as functions of summable square. The function 
obtained in this way is a solution of the wave equation, in a generalized 
sense, which may be defined as follows. 

It is clear that, if f(z,t) satisfies the wave equation in the ordinary 
sense over a bounded interval of values of x and ¢, then, if g(#,t) is any 
function twice differentiable with respect to x and t, and vanishing with 
its derivatives of first order outside and on the boundary of the interval 
of values of x and ¢, we shall have 


| 1(%0- ; pA dxdt = 0, (19) 


where the integration is taken over the given interval of 2 and ¢. 
Conversely, if a twice differentiable function f(x,t) satisfies (19) for 
every twice differentiable function g(x,t) of the type considered, then 
f(x, t) is a solution of the wave equation. 

We may call a general function f(x, t) a ‘solution of the wave equation’ 
if it satisfies (19) for every finite interval in the (x, ¢) space, and for every 





: 
’ 
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twice differentiable g(2,t) vanishing with its derivatives of first order 
on the boundary of that interval. It is then clear that the Fourier 
transform of (18) is a solution of the wave equation in this generalized 
sense; and, if its initial values have second-order derivatives, it will be 
a solution in the ordinary sense. Another way of looking at these 
generalized solutions is that provided by generalized functions, or 
‘distributions’, of Laurent Schwartz; in the set of generalized functions, 
every function has derivatives of all orders, and the differential equation 
can be written down for any function. However, as the definition of the 
‘distributions’ depends essentially on repeated integrations by parts, 
this point of view does not differ fundamentally from that here adopted. 
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ON SOME DIVISOR SUMS ASSOCIATED WITH 
DIOPHANTINE EQUATIONS 
By RICHARD BELLMAN (Stanford) 
[Received 4 April 1949] 
1. Introduction 


Iv this paper I consider the problem of finding an asymptotic expression 
for each of the sums 
S; = > d(n)d,(n+1), S, we * d(n)d,(n+1), (1) 
nN N 
where d(n) is the divisor function, and d,(n), d,(n) are defined by the 
series 


L(s)® = SY ds(nn-*, —L(s)* = DS dy(n)n—* {re(s) > 1}, (2) 
n=1 n=1 
or by the arithmetic equivalents 
d(ny)= D1, am= FL (3) 
1Lel3g =n L1Lel3gXy=nr 


The sums 8,, S, arise if we ask the number of solutions in positive 
rational integers of the respective Diophantine equations 


(a) Ly %o%g—Y, Yo =! (Yi: Ye < N), ! (4) 
(b)  %%XyXy—Y,Y2 = 1 (Yi Ye < N). 
The corresponding sum 
&, = >, d(n)d(n+l) (5) 
arising from the Diophantine equation 
X,X2—Y Yq = 1 (6) 


was first treated by Ingham [4] and subsequently by Estermann [2]. 
The circle method of Hardy and Littlewood was used by Titchmarsh [ 6} 
to obtain a heuristic formula for S;. 
My principal result is 
THEOREM 1. As N>o 
»y dn )d,(n+-l) ~ c,(l)N log3N 
nN - 
PR (n+l) ~ e,(1)N logtN (") 
where c,(l) and c,(l) are (complicated) functions of L. 


The proof of Theorem 1 is more complicated in detail than in prin- 
ciple, and to illustrate the method I shall therefore restrict myself to 


Quart. J. Math. Oxford (2), 1 (1950), 136-46 
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the case / = 1, where the computation is at a minimum. After the proof 
of this result I shall discuss the general case. 


2. Reduction of the problem 

In this section I show that the estimation of S, and S, can be reduced 
to the problem of obtaining asymptotic expressions for 

, 2 Ag(kn+ 1), T, = 2 dalent 1), (1) 

with sufficiently accurate error terms, which (we note) depend upon V 
and k. As far as the dependence on N is concerned, we experience no 
difficulty, and standard methods would suffice to establish more precise 
results in this respect than I obtain here. It is the necessity for obtaining 
simultaneous bounds in both NV and k that creates the hardships. 


LemMA 1. If,as N >a, 
T; = N log*Nky,(k)+ O(N log Nk) + Ofa(k),/(Nk)[log ./(Nk) |>-*}, | 
T, = N log®Nky.(k)+ O(N log?Nk)+ Ofa(k),/(Nk)[log ./(Nk) |*-§} | 
for some positive constant e, ye the constants implied by the O’s are 
independent of N and k, and ak), %,(k), %.(k) are functions of k with 
constant mean values, then, as N >, 
3 Un )d,(n+-1) ~ c, N log? N 


n N . ; (3) 
» > d(n )d,(n+-1) ~ ce, N logN 


nN 


(2) 


Proof. 1 use the following important symmetric property of d(n): 


=Y1=2 DY 14+m(n), (4) 
- Bon 
1 ifn = 7” e 
-here ov ’ : 
ieee eels 0 otherwise. 9) 
Hence, 
S; == > d(n)d,(n+1) > ds(n-+)[2 > 1-+m(n)] 
nN nN kin 
ken 
2 ¥ d,(n+1) ¥ 14 > d,(n?+1). (6) 
n<N kin n<N 
Ben 


The second sum is trivially O(N!+), since d(n) = O(n) for any « > 0, 
and we turn our attention to the first sum. 
Inverting the orders of summation, the result is 


VN aN 
2S { > amtyl=2¥! > adynk+y). (7) 
Mlechen * | K=1\k<neN/k 


n=0(k) 
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Using the results in (2), and substituting in the above, the result is 
vN y 


N . . N 
2 z= E log?.N (hk) —k log*k fs, (k) + OF log N)+ a(k)vN (log V)3- | 
k=1 
c, N log? N +-O{N (log V3}. (8) 
Similarly, we obtain the result for the second sum in (3). 
We may therefore turn our attention to the sums 7 and 7), and begin 
with 7, since the results obtained there are used in the treatment of 73. 


3. The estimation of 7, = Z. d,(nk+1) 


ws 


Let x(n) range over the ¢(/) as acters to modulus / and consider the 


sum 2 d(1-+-nk) de m 
tf +n x( n) C (m l 
Pe, (1-+-nk) = 75 2(2 ns ) 


the identity holding by virtue of the Pe property of characters, 


> x(n) = { o(k) when x = 1 (modhk), 





- (2) 
7 | 0 otherwise. 
Applying the Perron sum-formula to (1), we obtain 
Ly ok + N k ky 
i(1+nk) - 3 
way! ® “iid HH | 


(2) 
where the (2) below the integral sign denotes integration along the line 
2+it. 

If we shift the line of integration to the line }+-7t, we obtain a con- 
tribution due to the pole of L,(s) at s = 1, L,(s) being the series corre- 
sponding to the principal character. Since 
Ls) =[] (1) ce (4) 
p\k 
we easily find that this residue is 

N log? N us, (k)+ OLN log?N yb, (k)}, (5) 

where “g constant implied by O is independent of &, and where y,(/) 

and #,(/) are arithmetic functions of / which have constant mean values. 

pct ag I shall not shift the entire line of integration to }+-if, but 

shall follow an argument first used by Hardy and Littlewood in con- 

nexion with the Piltz divisor problem [3]. As was shown by these 

authors, it is the average order of | L,( 
it is to the mean value r 

; [ L(h-+it) | dt (6) 

0 


that we turn our attention. 


x2 +t) |* that is important, and 
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| 4. The mean value of |L,(}+-it)|* 

The problem of finding the mean value of | L,(}+-it)|? is, in its native 
environment, not simple, and in this case, it is further complicated by 

‘ the fact that we require an estimate depending upon both 7' and k. 

[ shall follow a method due to Titchmarsh [5] up to a point, and then 
at a certain juncture, introduce a procedure I have used [1] in the 
evaluation of the mean value of |¢(}-+-2#)|*. 

Consider the function 


F(x) = > d(n)x(n)e-"* — {re(x) > 0}. (1) 
n=1 
We have ( F(x)as-' dx = [(s)Li(s) {re(s) > 1}. (2) 
0 


Using the Mellin inversion formula we have 


F (2x) J . DP(s) Ly(s)a 8 ds. (3) 


271 
‘ 
(2) 


Shifting the line of integration to }+-it we obtain a residue R(x) due 


to a pole at s = 1 if we are considering the series corresponding to the 
principal character, and no residue otherwise. This residue has the 
vem (log x yg(k)+ya(h)}/x, (4) 
where (kh), ¥4(h) are O(log?k) as k > a. 

Now set x = exp{u+i(4n—8)} (0 < 8 < 3a; 8 = $+7). Thus, 


ebul F (¢ u+i(ta 5) ae Re u+i(ie 5))] | I (4 1 it) L2(4 + it)e—t—-hide ©) dt. 
: 2a ss as 
is: (5) 
Applying the Parseval—Plancherel theorem, we obtain 
Lis) e"| F(eutiaa 5) R(eurian 5)) 2 du 
[ Pg +it)te| 1,9 +it)/4 de = RO). (6) 
It follows from the asymptotic expression for |I'(}+-7t)|?, that we have 
I'(3+-2t)|2e% >c, (O<t<o) (7) 


for some constant c,. Hence 
R(8) > | [P(A +it) Pete?) L(4+-it) |4 dt 


r Cy [ e~ 2! L(4+- it) |4 dt. (8) 
0 
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Once we have obtained an upper bound for the integral, a very simple 
Tauberian argument, which I present below, yields a bound for 


: 

] ae 

p | eylb+inlt ae (9) 
0 


For this purpose, we must estimate L(8). Thus far I have followed 
Titchmarsh. I now pursue a different path and introduce a functional 
equation for F(x), an equation which presents an independent interest. 
A functional equation of this type, for the function 


x 


D(x) = ¥ d(n)e-™, 


n=1 
was first discovered by Wigert [7]. I follow a method due to Landau 
to derive the functional equation we require. As indicated by Landau in 
the case of D(x), this functional equation is in some sense a paraphrase 
of the functional equation for the corresponding zeta function. 


5. The approximate functional equation for F(x) 
Let us first treat the case where y is a proper character. 


We have F(x)— R(x) = = [ Pe) 23(s)e- ds. (1) 


(d) 
Replace s by 1—s, i.e. t by —t, and obtain 


: * | P(1—s)Li(1—s)a— ds 


271 
(4) 


h-1s .. 
1 ra—s)| 7 P(3s)_ 


F(x)—R(x) = 


a ki PE—4s) 


= (s)| ads, (2) 
27x 

(4) 
where we have used the functional equation, valid if y is a proper 


character, 


ar\ —38 , f ar\ (4-48) = ’ 
() r(ds)Ly(0) = a(7) P(§—4s)L,(1—8), (3) 
where @ is a constant with modulus 1, i.e. |a| = 1. Using the duplication 


formula for ['(s) and performing some elementary simplifications, we 
have the end result 


F(x)— R(x) = | cot basT'(s) L4(s) (7) ~ ds. (4) 


=a TT 
2riatka x 
(4) 
Let us note that, on any line b+-it, where sin}b + 0, 
i+O(e™) (t+ —oo), (5) 


0(1) (t > +00). 


cot 473 = 
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| Keeping this in mind, write (4) as 


| fad 








| 1 Vo 2/o 4a — : 1 ° 7 1 —: 2/6 4n ti 
a | I (L3)(Z) ds-+-—— a | (cot $78 are) Ly)( =) ds. 
} (3) (4) (6) 
The first integral is al? te) A(=)| (7) 


where by F(x) we mean the function obtained from F(x) when x is 
replaced by its conjugate. 

Let us now turn to the second integral. If x is not the principal 
character, LX(s) has no singularity at s = 1, and we may shift the line 
of integration to 1+, where 6 is some fixed constant (0 < b < 1), 
without contributing any residue term. On the line 1+, |Z,(s)|* is 
uniformly bounded by a constant depending only upon b. If we take x 
in the form ; 

x = |xle%7-), (8) 


where 0 < 5 < 3z, we have 


4ir\~* — [yp |1+bf1+be—Gr—Syt, (9) 
ka = 

Now consider the second integral in (7) over the range (b, b-+-100). 
Since |cot }7s—z| = 0 on the half-line of integration, the integral is 
O(k’ |x|") as |x| > 0, ko since 


T'(b+it)| = O(|t|®-te-i7") as |t| +00, 


the constant implied by O being independent of 6. 

Over the range (b, b— ico) we use |cot $zs—i| = O(e™) (t > —oo), and 
again we obtain O(k? |x|") as a bound. 

If x is the principal character, we must consider the residue at s = 1, 
which is 

Of (log! x | )log*k}, (10) 

as k > oo, |x| > 0. 

Putting these results together, we can state 


9) 
Lemma 2. (Approximate functional equation for > d(n)x(n)e-"*.) 
; n=1 


For 0 < argx < 4n, we have 


9 


- l Rn 4a = 4 | , —- 
F(x)— R(x) cia a (2) —#(E)}+0W12))+O(og%e loge"), 
(11) 
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where re 
F(x) = é, d(n)x(n)e-"*, 


n 


F(x) = be d(n)x(n)e-"*, 


(ole! log . *) as |x| > 0,0, k>oo, 
x 


Riz) = A 
(7) | x a principal character, (12) 
0 otherwise, 


Olog*k 8 2k — log, Ee ) as |x| > 0, 00, k +00, 
Biz) = 


xa still character, 
0 otherwise, 


and the constants implied by O are independent of k as k >a, and of x 
as |x| > 0, ocapeteed only upon b, and are uniform for arg x in the half- 
open interval 0 < argx < 3r. 


6. The mean value of | L (3 +2) |4 (concluded) 


I now use the above aeall to bound L(é), the left-hand side of 


equation (6) in § 4, 


oe 1 we 
L(8) 7” | F (vets of R(xeit7-9)) |2 dx = ab | : (1) 
0 0 i 
Let us consider the integral over (1,0) first. Since 
= 4 . 1 = 
(| Fitas|*—( | Ride)? < (| FR} as) 
i 1 i 





r 4 ° 1 
= ( F ae) +( | R oe (2) 
1 i 


1 


x 

and | |R/?dx = O(log*k), the principal contribution to the integral is 
1 
x 


[\4 "2 dx | ( pe d(n)x(n)e-"ree*” alt : d(n)x(n)e-rze"O* a dx. (3) 


1 


Because of the absolute and uniform convergence of the series in the 
interval (1,00), we may evaluate the product using Cauchy multiplica- 
tion, and integrate term by term. The resultant double sum has been 
estimated by Titchmarsh [5], who showed that the main contribution 
is from the cross-product terms 


sn 1! y(n) 2d?(m)e-2ne sind : of (loe;) | (4) 


n=1 





ti 
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Now consider the integral over (0,1). Using the approximate func- 
tional equation derived above, the integral becomes, applying Minkow- 


ski’s inequality again, 


‘lt of 1 [ofan 4 2 | 
| ) | ~— F “ e—tha—8)| _ R oe i(47 —8) dx oil O(k?). (5) 
: | J biz) \kr kx 
‘0 0 
Set kx = y and then y 1/2, obtaining 
i ; , . 
i | F (4rxve-*47-8)) — R(4rrae-t47-9)) |2 dy, (6) 
Vk 


Going through the previous argument, applying Titchmarsh’s procedure 
once more, we see that this integral is bounded by O{(log k/5)?/8}. The 
factor 1/k in front of (6) is of crucial importance, since without it we 
could obtain only Of{k(log k/3)?/8}. 

Let us mention that for fixed k the above methods readily yield the 


asymptotic formula 


. 
| |L,3+it)| dt ~ ¢(k)T(log 71) (7) 
1 
as T' >. 
Putting the above results together, we obtain, finally, 
L(8) = Of(log k/8)3/8}, (8) 


where the constant implied by O is independent of /, as k +o, and 
of 8 as 6 > 0. Consequently 


1/8 1/6 . (i k 3) 

é | 4 7, < U lig 1 ond Z 9 

. L,(3 +0) 4 dt | ee" L(3-+it)|* dt of 5 (oe) rf (9) 
r 

i.e. | L(3+-t) * dt = O[T (log kT)*}. (10) 
0 

From (10), using Holder’s inequality, we obtain 

» 

LA} Lit)|> dt = O{T(logkT)*}. (11) 


0 
This estimate could be improved, but the fact that ~ < 3 is all that 


we require for the proof. 


7. Estimation of the remainder term 


We now turn to (3) of § 3, and the estimation of the remainder term. 
In place of the contour 2+7¢ I use the contour consisting of the five 
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line segments (2+-77',«0), (2—77’, —oo), (4+27',2+77), (4—1iT, 2—1T), 
(4—iT,4+77), where 7 will be chosen in a convenient manner subse- 
quently. We then have 





2+-i00 tT hy @ 4-—iT 
f=f+ ~ J+ =ft+hth+ht+h. (1) 
(2) 2+iT ye 5 ae J 2-i7 
Let us first treat the case where x is a proper, but not principal 
character. I shall then note the changes necessary when x is not a proper 
character. Consider J, first. We have 


FL, (4+-2#)|* ,,, " ‘ 
(Nk) dt) = Of(Nk)*(log kT)}, 2 
ais (2f a (Wk) Mog kT}, (2) 
using (8) of the previous section. Consider J,. First of all, we can 
easily show that (8) implies 

T 

[ |Z,(a+it)|4 dt = O(T(logkT)} (§ <a <a), (3) 


-T 


with the constant implied by O uniform in a. Hence 


2,T 
(j Latin at) da = O{T (log kT}. (4) 
+ ‘o 
Therefore there is at least one 7, between 7’ and 27' such that 
2 
f \L,(a+iT,)|* da = Of(log kT), (5) 
+ 
and this is the variable that we denote by T' itself. It follows that 


I,| = O{(Nk)*(log kT)*/T}. (5 a) 


Finally consider J,. It is easy to see that the mean-value theorem, 
applied to the real and imaginary parts separately, and the absolute 
convergence of the series for L(2+%H), combine to yield the estimate 


Nk)? 

Km offer), 

ih) = of "| (6) 
The remaining integrals J,, J; correspond to J, and J, respectively, 

and, — the above estimates, the result is 


L4(s)(NkysS ds! _ ogee (ogk)}+0l(oger SP), (7 


2 








te 
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Now choose 7’ (Nk)?. Then 
—— 
[ x (s)(Nk)s“ | 

7 8 


(2) ' 


= Of(Nk)*(log Nk)}. (8) 


If x is the principal character, the same error term is obtained, 
together with the principal term due to the residue at s = 1. 
Precisely the same methods yield the corresponding result 


| La(syWkye ds| _ ONE) Mog NEI. (9) 


(2) 
Now let us discuss the modifications necessary when yx is not a proper 
character. In this case, we have 


L,(s) = TT (1—x(p)/p*) 2. X(n)/n*, (10) 
ik 
where X(n) is a proper character to modulus K, K being the integer 
with the property that y(n) = x(n’), n = n'(mod K). 
The first factor on the right in (10) is bounded on s = $+ it by 
w(k) = TJ (1+1/p%), (11) 
pik 
and it is easy to verify that 
PX lk) ~ ¢,N. (12) 
Collecting the previous results, we can state 
THEOREM 2. 


> d(kn+1) ~ o,(k) N log?2Nk-+ Ofa(k),/(Nk)(log Nk)s-€ 
98 - 


nal 


z d,(kn+1) ~ p(k) N log* Nk-+ Ofa(k),/(Nk)(log Nk)*-*} 


n<N 


» (13) 


for some positive constant e«, in the oe implied by the O’s are 
independent of N and k, and a(k), ,(k), %(k), are functions of k with 
constant mean values. 


8. The general sums .3 d,(kn+l), Px d,(kn+1) 


In this section | briefly turn to the treatment of the general sums 
> d(n)d,(n+1), > d(n)d,(n+). (1) 
n<N nN 
The situation here is, as before, dependent upon the simpler sums 
> d,(kn+l), > d,(kn+l). (2) 
nN 


nN 
3695.2.1 L 
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Let us consider the sum 





k l 
d.(kn-+-l) = (k, n =5)} 3 
ae 3(kn +l) 2, ( ent i) (hb) (3) 
Using the characters to modulus k/(k,l), we obtain, as above, the 
identity 
5 ; 1 inh nk, seletl Dy 
d.(kn-+l)/(kn+l)? = ———— xiv att 
2. g(kn-+-1)/(kn-+-1) HkeD} PF aa aml, 


(4) 
We see then that the problem reduces to evaluating the Dirichlet series 


i 


b 3 x(n)d,(an)n-*, (5) 


n=1 
in terms of powers of L,(s). This may be done, either by straight- 
forward drudgery, using 


d;(an) = PR (6) 
writing = x(n)d,(an)n-* = > d(l) |. y x(n)/n'|, (7) 
an=0(1) 


and idiiiaaies in this vein, or perhaps a bit more simply by using a 
generalization of a Ramanujan—Bachmann formula expressing d(uv) 
in terms of d(u/k), d(v/k), k running through the divisors of u and v. 

In any case, it is soon seen that the amount of effort required to 
evaluate the various constants occurring, which depend on I, is exces- 
sive and prohibitive, considering the result derived. 
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CANONICAL FORMS (II): PARALLEL 
PARTIALLY NULL PLANES 


By A. G. WALKER (Sheffield) 
[Received 7 April 1949] 


IN a recent papery I gave a canonical form for the general Riemannian 
n-space that admits a parallel null r-plane. The present paper is con- 
cerned with the more general problem when the parallel plane is partially 
but not necessarily wholly null, and I give a canonical form for the 
general V, that admits a parallel plane of dimensionality r+s and 
nullity r. By ‘nullity 7’ is meant that the plane has a null part of 
dimensionality 7, this null part being the intersection of the (r+-s)-plane 
and its conjugate (orthogonal) (n—r—s)-plane. Since the conjugate 
plane contains the null part, n—r—s > 1, Le. 


2rt+s<n. 


The present canonical form reduces to that of C.F.(I) when s = 0 and 
again when 2r+-s = n; in the former case the given plane is wholly null, 
and in the latter case the conjugate plane is wholly null. 

As before, we suppose that the space is either of class C” or of 
class C’, and we consider only the local problem. 

The x Xn matrices occurring in this paper will usually be expressed 
in terms of sub-matrices according to the partition of n 


n = (r)+(s)+(n—2r—s)+(r) (1) 


for both rows and columns. Suffix sets corresponding to this partition 
will be denoted as follows: 


L CE, Bosses Ds M = (r-+1.,..., r+s), 
N = (r+s+1....,n—1r), L’ = (n—r-+1.,..., 2). 
Latin suffixes will take values 1, 2,..., » throughout, and Greek suffixes 


will take values as indicated. 
The general theorem is as follows: 
t See above, 70-9; this paper will be referred to as C.F.(I). The terminology 


and notation of the present paper are those of C.F.(I) and of a previous paper 
Quart. J. of Math. 20 (1949), 135-45. 


Quart. J. Math. Oxford (2), 1 (1950), 147-52 
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THEOREM. A canonical form for the general V, that admits a parallel 
(r+-s)-plane of nullity r is given by the fundamental tensor 


° & @ Ff 
[0 A OF : 
I F’ @ C 


where the non-zero sub-matrices satisfy the following conditions: 

(i) orders are given by the partition (1), I is the unit rx r matrix, A and 
B are symmetric and non-singular, C is symmetric, and F’, G' are the 
transposes of F', G respectively; 

(ii) A and F (and so also F’) are independent of the coordinates x 
(a € L+N); and Band G (and so also G’) are independent of x8 (Be L+M). 

A basis for the parallel (r+-s)-plane is provided by the vectors 
di, d3,..., d4,, at each point of V,. The first r of these vectors also provide 
a basis for its null part, the parallel null r-plane. 

Let V, be a Riemannian n-space that admits a parallel (r+s)-plane p 
of nullity 7; I shall prove that a coordinate system exists for which the 
fundamental tensor g,; of V, takes the form (2) with the conditions of 
the theorem satisfied. We write p’ for the parallel (n—r—s)-plane 
conjugate to p, and p* for the parallel r-plane which is the null part 
of p. The parallel plane conjugate to p* is the (n—r)-plane p+p’. 
Since p* is the intersection of p and p’, we may choose basis vectors 
Xj.) so that they form a basis of p* when ae L, of p when ac L+ M, 
of p’ when a € L+N, and so of p+p’ when ace L4+M+N. 

Writing X, for the linear operator Aj,)é;, then [C.F.(I) § 2] to each 
parallel plane there corresponds a complete system of partial differential 


equations X,f=0. (3) 
The independent solutions of these equations will be written f where 
pel’ when a € L+ M-+WN (corresponding to p+p’); (4a) 
pEN+L’ » aE€LtmM ( ~~ (4b) 
pEM+L’ » a€ LtN ( ps p'); (4c) 
pEM+N+L’ , wel ( - s p*). (4d) 


The functions f for p € L’ are independent and satisfy 
Nyf%,=90 (ae L+M+N). 
The r covariant vectors f; (p ¢ L’) are therefore independent and 
orthogonal to the vectors of p+p’, i.e. they form a basis for p*. We 
may therefore take 


Nw = 9 fos Sew =fer” (ae L). (5) 








th 


Ww 
fv 


A 


— FF Foot 
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It can be verified as in C.F.(I) that with this choice of basis for p* 
the corresponding operators satisfy 
X,Xg—XgX,=90 (a,Pe L). 
Hence, by the lemma of C.F.(1) § 3, the system of equations for f 
X,f=¢, («eL), 
where c, are any constants, admit a solution. In particular there are 
functions f (8 ¢ L) which satisfy 
X,f® = 88 (a,BeL). (6) 
Combining these equations with those given by (3) and (4d), we have 
X,f = 8 (ae L). (7) 
We have now introduced n functions f; n—r of them by (3) and 
(4), and the remaining 7 by (6). It can easily be verified as in C.F.(I) 
that these functions are independent, and we may therefore transform 
to new coordinates x’' where 
at = f™. 
In the new coordinate-system, omitting the primes, f = x‘, so that 


X, f = At, and (7) becomes 


( 


Ny = 8 (wae L). (8) 

The remaining equations given by (3) and (4) are now 
X, 2? = NM, =90 (we M; pEeN+L’); (9a) 
X,2° =, =0 (VEN; ce—eM+L’). (9b) 


We see from (8) that the r vectors 3! (a € L) form a basis for p*; from 
(8) and (9a) that the r+-s vectors 5, (u € L+M) are contained in the 
(r+s)-plane p; and from (8) and (9b) that the n—r—s vectors 3! 
(ve L+N) are contained in the (n—r—s)-plane p’. Since any set of 
¢ independent vectors contained in a f-plane may be taken to form a 
basis, we may assume 


Ny = 8! (we L+M+N). (10) 


(a) x 


Using the fact that p and p’ are orthogonal we have from (10) 


G3 Nw) My) Juv - O (ME D+ M. ve L+wN >. (11) 
From (5), 9; Nx) f@, («Ee L; «’ =a+n—r), 
and, since f(*) = x and A/,, = 84, these relations become 


Jig = SF" (we L). (12) 
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From (11) and (12) it follows that the matrix (g,;;) takes the form 
Ge 8 @ § 
O A O F, 
O O B GY? 
i & G 
where J, A, B, C, F,, G,, Fj, G are sub-matrices satisfying the con- 
ditions (i) of the theorem, A and B being non-singular because 
Ilgeg]| = (—1)"||A]]. || Bl] F 0. 
We now use the fact that p is parallel, the conditions for which are 


for some A®,. With ri) = 5) these conditions become 


(13) 


("| = AB,54 (a,B€ L+M) 








where 4 are the Christoffel symbols of the second kind. The equations 
jk 
with i ¢ L+M merely determine A&,,; the conditions we are seeking will 


ref 


therefore be given by writing i = pe N+ L’. These conditions are 
A —0 (we L+M; peN+L’). (14) 
al 
Some of the Christoffel symbols of the first kind are 
L+M 
\ { B p a,BeE > 
ax, $8, cap + Sol wEL+N; pe N+L’)’ 
and, since g,, = 0 from #13) and {P| = 0 from (14), we have 
‘ \ ak 
[wok] = 0 («ae L+M; pe L+N). (15) | 
Conversely it can easily be verified that (14) follows from (15), so that 


(14) and (15) are equivalent sets of conditions when the fundamental 
tensor is of the form (13). 


We thus have 


i 7 , eL+M 
[pak] — (Op, oa + Sex Juk — Op Jute) = (: ba ) 


peL+tnNn 
and, since g,,, = 0 from (13), these conditions become 
Ox Ipk = Ion (we L+M; pe L+N). (16) 
Taking «e€ L, then, from (13), 9, = 0 or 1, so that 0,9, = 0. We 
therefore have, from (16) with ae L, 


Ox Iur = 9 (aE L; pe L+N), 


-_~ 
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showing that B, G,, Gj in (13) are independent of 2* (ae L). 
Similarly, taking » ¢ L in (16), we find that A, K, Fj in (13) are 
also independent of x% (a € L). 

Taking ac M, we N and k=feM in (16), then gg, = 0 from 
(13) and we have 


OnJagp = 9 (a,B EM; peN). 


Hence A in (13) is independent of a (ue N). Similarly, taking « ¢ M, 
we N, and k = ve N in (16), we find that B in (13) is independent 
of x* (aE M). 

We have now established conditions (ii) of the theorem except for 
showing that the coordinate-system may be chosen so that F is inde- 
pendent of x (u € NV) and G is independent of x* (a € M/). 

From conditions (16) with ac M, we N, k = re L’, we deduce that 
Yor (9 € M+N; 7 © L’) is expressible in the form 


Ipr = 9,9, +h, (pEM+N; rE L’) (17) 


for some functions 6, independent of x* (a € L), and some functions h,,, 
where h,, («€ M; 7e€ L’) are independent of x? (Be L+N) and hus 
(ue N; re L’) are independent of 2” (ye L+M). I shall write F for 
the sx+r matrix (h,,) where ae M, tre L’; G for the (n—2r—s)xr 
matrix (h,,) where we N, 7E L’; and K for the rxr matrix (@,6,) 
where o, 7€ L’. 

Consider the transformation from x‘ to new coordinates X‘ where 


A* = g*—6,,..., XX=2” («nE€L; vEM4+N+L’). (18) 


This is permissible in that it does not affect any of the previous results; 
the functions /‘” (a € L) giving rise to x* were not defined uniquely as 
solutions of (6), and to each may be added any solution of X,f = 0 
(a € L), ie. any function of 2” (ve M+N+L’). This is what has been 
done in (18) since the 6’s are independent of x* (a € L). 

From (18), (17), (13) we find that the matrix of the transformation 
x—> X is 


P (x) I F’—F, G’-G, —K’' 


eX! O I O OY, 
O O I O 
O O O I 


where primes denote transposes, and the partition here is the same as 
before. 
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Writing g for the matrix of the fundamental tensor given by (13), its 
transform is P’gP, and this we find to be 


O O O TI 
O A O F 
O O B G 


I Ff @ C 

where C = C,—K—K’. Because of the properties of the h,, in (17), F 
is independent of x* (a ¢ L+N) and G is independent of x (8 ¢ L+M). 
We proved earlier that A is independent of #* (a¢ L+N) and that 
B is independent of xf (8 ¢ L+M). From the form of the transforma- 
tion x > X in (18) we may replace x by X in these statements about 
independence. Hence, in the coordinate system X‘, the fundamental 
tensor of V, satisfies all the conditions of the theorem. 

The proof of the theorem is completed by verifying that for the V, 
with the fundamental tensor of the theorem, the (r-+-s)-plane p with 
basis 55 (p € L+M) at each point is parallel, and that its null part is 
the r-plane with basis 54 (a¢ L). Sufficient conditions for p to be 
parallel were found to be (14), equivalent to (16), and these are satisfied. 
To find the null part of p, we want the vectors of p which are orthogonal 
to p, and these are easily seen to be the vectors of the r-plane referred 
to above. This completes the proof of the theorem. 

The (r+-s)-plane of nullity r is strictly parallel if a basis can be found 
consisting of r null and s non-null parallel vector fields, all independent 
and mutually orthogonal. It follows that V, is the product of a flat E, 
and a V,_,, and that the V,_, admits a strictly parallel null r-plane. 
The canonical form for such a V,_, was given in C.F.(1) § 7. We finally 
have for V, the canonical form 
Oe oO Oo fT 
O A O O 
O O B G 
Il OG C¢ 


where the partition is as before, A is a constant non-singular matrix 
(the fundamental tensor of £,) and B, C, G, G’ are independent of 
x,...,2°+8, This form, which is seen to be a special case of our general 


canonical form, is equivalent to that given by Eisenhart.+ 


+ Annals of Math. 39 (1938), 316. 




















A SIX-VECTOR DEVELOPMENT OF SOME 
RESULTS IN KINEMATICAL RELATIVITY 
By R. A. NEWING (Bangor) 

[Received 9 April 1949] 


MILNE has, in general, explicitly avoided the calculus of space-time as 
obscuring the physical ideas of his theory. Space-time calculus is, 
however, a powerful technique which simplifies considerably the 
mathematical development of many aspects of the theory. In this 
paper some of Milne’s results will be exhibited in 6-vector form. 
Milne has already introduced 6-vectors in his electromagnetic theory, 
but it will be shown here that the equations of motion for a free 
particle, and the equations for gravitational interaction, take on a 
particularly simple form when expressed as 6-vector equations. The 
reference ‘K.R.’ throughout the paper is to Milne’s recent book 
Kinematical Relativity (Oxford, 1948). 


1. Four-vectors 
Milne’s fundamental observers have a common space-time defined 
by the metric P , ° . 
; ds* = dx?+-dx3+daz+de?, 
where (21, 2%,%3) = (¢/c)(v,y,z). Let « and B be the 4-vectors (a, a4) 
and (b,f8,), where a and b are 3-vectors; then the scalar product 
a.b+-a«,8, is an invariant and will be denoted by «.8. The motion of 
' . , D 
a particle can be discussed in terms of the 4-vector R = ( , , where 
C 


P is its position relative to the observer, and ¢ is the time. The scalar 
invariants X, Y~-!Z and € may then be expressed as follows: 


x=e—! pe = R.R= RF 
co 
rf) ne 
c* Cc 
. Z? (R.R'pP 
b << foes i 
where R’ ate (1) at == (=. 7 y-. 
ds c ds c 


It should be noted that (R’. R’) 1, and therefore (R’. R”) = 0. 


Quart. J. Math. Oxford (2), 1 (1950), 153-60 
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2. Six-vectors 
A 6-vector (or skew-symmetric tensor of rank 2) © may be repre- 
sented in terms of two 3-vectors A and B such that 
© = [A;B] = 0 A, —A, B, 
The 6-vector [a;8;—a;B;], formed from two 4-vectors a and £, will be 
written as [«, 8] so that 


[a,B] = [aAb;B,a—a,b]. (1) 
The scalar product of two 6-vectors [A;B] and [C;D] is an invariant 
and will be written as [A; B]:[C;D] = (A.C)+(B.D). In particular 


@? = 8:0 = |A/2+ |B). (2) 


The product Ox is the 4-vector o, where o; = > 0,;0,;, thus 
j 


Oa = (aA A+a,B, —a.B), (3) 
and, if y is the 4-vector (c, y,), : 
[x, Bly = (CA (A€Ab)+-y,4(8,a—a,b), —c.(B,ya—a,b)). (4) 


An alternative form is 
[a, Bly = a(8.y)—B(«.y). (4’) 


Further results required are 


[x,B]:[y,8] = (w-y)(B.3)—(w.8)(B.) 


and, in particular, 


[«, B]:[«, 8] = a78?—(a.B)?. (5) 
Further [5,[a, Bly] = [8, a|(B.v)—[8, B](a.y), (6) 
(5.[a, Bly) = (8.«)(B.y)—(8.B)(a.y) 
—_ = [2,]:[3,7] (7) 
Finally, if S = [R, R’], 
S:S = R?—-(R. PR’)? = X(1—€é) = —R. (8) 
But, by (1), S may be represented as 
 _ y-| — SP av:i@e—vo], (9) 
c? c 
so that, using (2), 


] 


9 


~ys? = ye = + \p_w—1Pavy. 
Cc 


is) 
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3. The motion of a free particle 
Following Milne’s space-time discussion [K.R., 65-6], write 
R’ =AR+p, Ff’, 
where A and y, are scalar invariants. Now, if S denotes the 6-vector 
[| R, R’|, SR’ = R—(R. R’)R’, and the expression for R” may be written 
in the equivalent form R” = ASR’+ypR’. Then, since R’.R” and 
Rk’. SR’ are both zero, » = R’. R’—AR’.SR’ = 0, and therefore 
R" = SR’ (10) 
where, as in Milne’s discussion, A may be expressed as G(é)/X. Using 
(4’), equation (10) gives the equations of motion in 4-vector form 
[K.R., 67, (23) and (24)]. 
From (10), S’ = [R, R”] = A| R, SR’), and therefore 
_ GE(R-R’) 
X 
The 3-vector form of the equations of motion [K.R., p. 67, (26)| follows 
from (11) using (9) and the time-component of (10). Milne’s 3-vector 
equations, in which the terms are not the space parts of 4-vectors, are 


thus seen to arise from 6-vector equations. [Cf. Milne, Phil. Mag. 36 
(1945), 138.] Now from (8), —6, 6, = S:S’ = —(1/X)G@(é)(R. R’)S?, and 


S ‘ — 


S. (11) 


therefore . , , 
XxX 6, 
Equation (11) can now be expressed in the compact 6-vector form 
i ; 
—S} = 0. 13 
a) as 


It may be noted that (10) follows from (13) so that the two equations 
are completely equivalent, for, since S’ = (6,/0,)S, 

(6,/0,) SR’ = S’R’ = R(R’. R’)—R'(R. RP’) = —R(R.R’), 
and hence (10) follows. 


Equation (13) implies that S = 0,0, where , is a constant 6-vector 
such that 0§ = —1. Writing 


0, = |b]. 


where | and f are constant 3-vectors, and using the representation (9) 
for S, the vector integrals at once follow 


P—Vi = 6, PAV = cAl, 
with 6 = Y#0, = Y(gé—1)1X! and |f|?—|1|? = c?. 
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The X-integral follows from (12) and (8), for 
—2(R. R’\(E—1)G(€) = ((E—1)X}’, 

and therefore Xé’ = —(€—1)X'—X'(E—1) GE), 


g 
. d 
and hence A= Xoo — | eta} 
di 


0 


4. Dynamical equations 
The mass of a particle is defined to be M = mé!, where m is a 
constant. In the present notation M = m(R. R’)/|R|, so that 


M’ = pe lk. R') R?—(R.R’)?} 
M ] 
= ——.. R. | RP’ + — SR’). 
R.R ( + R? 
If G(é) is put equal to —1, M is constant and (10) may be written as 
M 


(MR')’ + 5SR' = 0. (14) 
If (14) is not satisfied, the 4-vector 
GF.) = Q = (MR +3, SR (15) 
- 
defines the force acting on the particle. Then 
0.2 = X’, (16) 
giving at once the relation between F, and F [K.R., 82, (5)| 
id 


ch—F.V = cYiM’ = anes): 


It is to be noted that Q = 0 implies M’ = 0, so that (14) is completely 


equivalent to (10) with G(é) = —1. 
Equation (15) also implies that 
Q.R = 2(R. R')M’, (17) 
1 therefi ¢ R—R’') = M'. 
and therefore y a R 


The last equation is 
F.(VY-?—PY?Z-1)—ckh(Y?—tY!Z-1) = ¥-+5 (me%), 


and has been interpreted as an energy equation [K.R., 84], the 
left-hand side giving the rate at which work is done in moving the 
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particle relative to its surroundings in the substratum. Equation (15) 
may be written in the equivalent form 


[R,Q] — (3,5) 


which gives, when P/F = 0, the angular-momentum integral [K.R.., 
94, (52)] in the form MPAV=A|R|Y!, where A is a constant 
3-vector. 
Consider now the force defined by the 4-vector 
Q = OR+OR'+aR'+bR 
where 0, ® are 6-vectors and a, 6 are scalar invariants. Without loss 
of generality we may take b = 0 since R = SR’'+ R'(R. RK’). Then, if 
Q = OR+OR'+aRk’, 


(16) implies that a = M’'—R’.OR, (18) 
and, from (17), @ = 2M’ ROR’. (19) 
Equation (15) may now be written in the 6-vector form 
, M(B. R’)\ g R. OR. 
us'—|m’+ = [R,OR]+[R,OR']—=—_ 8, 
which reduces to 
1 : 1 
M(R. RP = )R|—- — | R, | R’, OR’ |R}. 2 
1(R Rg i s) - [R,OR]—p"a[R[RVOR']R]. (20) 


Two special cases are important for the discussion of gravitational and 
electromagnetic interactions between particles: 


Case (i) 
Q=OR-+aR’, a = 2M’ = —2R’.OR, 
1 , 
M(R. R’)|—_ S| = [R, OR]. 21 
(R.R (gop) = [ROR] (21) 
Case (ii) 
= OR'+aR’, ax Jf’ = R.OR’ 
Q aR’, a gph OR), 
1 , 
M(R. R’)|\——_S M'S =[R,OR’. 22 
(RR pS) +M'S = [ROR (22) 


The latter equation may be written more simply as 
1 } 


M\R (a 8) - = [R,OR’). (22’) 
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5. Gravitational interaction ‘between particles 

Consider two particles defined by the mass-constants m,, m, and the 
4-vectors R,, R,. Let S,, S,, and S,, denote the 6-vectors [R,, R,], 
| R,, Ry] and [R,, R,| respectively. The simplest 6-vector equation for 
the motion of m, in which the interaction does not involve the velocity 
of mz is 





, 1 ‘ 


R,.R, 
Ay, being a scalar invariant symmetrical in the suffixes 1 and 2. Then, 
since the force is of type (i), [R,,0, R,] = A,.S,. and therefore 


O, Ry = —(Ajo/ R7i)Si2 Ry 
There will be similar equations for m,, and the forces on the two 
particles are thus defined by the 4-vectors —yR3S,, R, and —yR28,, R,, 
where A, is put equal to R? Ru. For forces of type (i), M’ = — R’.OR, 
and therefore 


. 
dt 


dR dR 


(M+) = wf 
where ¢ is a parameter dependent upon the simultaneity convention 
adopted. Now, as in Milne’s treatment, this last equation may be made 
to give the energy integral 


*. Sis R,+ ki y Sy, Ry), 


M, c?+-M,c*+-x = constant 
by taking p to be m,m,/Myo3,, with 
at, = Xj,—X,X, = (R,. R,)?— Ri RZ = —S}. 
x is then taken as —(m,m,c?/My a.)(R,.R,), and this gives 


ex 


aR, 





i = c*O, R,, 


= c*O, R,. 


For a system of particles (23) becomes 


M(R,. Rae i) = 3,8, 


which, since A,, = A,,, S,, = —S,,, gives when summed over all the 
particles of the system 


> M(R,. P(g Fe s) = 0. 
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If the 6-vectors S, are expressed as in (9), this last equation at once 
gives Milne’s momentum equations 


> UAR,. RY; +5 (5-) = 0, 


— lt Z 
. d (Pa 
J 7—4 ee a & 
> ,(R,. R,)¥; Z| pa 0 


6. Electromagnetic interaction between particles 

The representation of the force on a charge e, due to a charge e, in 
terms of the 6-vector |H,;7E,| is well known, and it is sufficient to note 
that, in the present notation, this 6-vector takes the form 





[H,;#E,] = 





»( Rp. Ri) +Ri( Re. Ry), [Ry Ro] Ro], 


aad, 


for equation (1) at once gives Milne’s expressions [K.R., 180, (37), (38)] 
for H, and E,. 

If the gravitational interaction is neglected, the force on e, is of 
type (ii), so that a, = Mj, and 


= .R,) 
o, = HB, 
For combined gravitational and interactions 


Q, = 0, RF, +0, R,+a, Ri, 
and, from (18) and (19), 


, 1 , 1 / 
This gives at once the energy equation 
em, +°X — Sle, v,e,—P)—1H,. (BR Avyl¥r? 
és, ta | c J 


- i (B, +iva H,) \ = ; Bi). 

The 6-vector [R,,®, R,| can be expressed in terms of S,, S,., and 
| R,, R,], and the right-hand sides of (20) and (22’) take the form 
A,S,+,S).+v,| R,, RQ], where A,, u,, and vy, are scalar invariants. The 
electromagnetic equations, however, have not the simplicity of the 
corresponding equations for gravitational interaction. If the particle e, 
is much more massive than e,, we may take e, coincident with a 
fundamental particle and put R, = (0,t,), Rg = (0,1). The 6-vectors 
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S,. and | R,, R,| are then both of the form [O; B], and (22’) reduces to 
the form 
1 ’ off. Ee.W a 
M, |B, \i-——&,) = 2-22-31 *S O;-P, |. 
Palla 8) = Sharper Ste] OZP 

Expressing S, as in (9), it follows that 

2 (PAM) _ G4 PAY (RV) _ eee PAV, [Bil d (1 
dt,\Y3|R,|/ = 2m,c? Yit, |P,|® = 2m,c? Y3|R,| t dt,\|P,|/’ 
which gives at once Milne’s angular momentum integral [K.R., 205, (22)] 
for the Kepler problem associated with purely electromagnetic 
interactions. 


A THEOREM ON INFINITE PRODUCTS OF 
TRANSFINITE CARDINAL NUMBERS 
(CORRECTION)* 

By F. BAGEMIHL (Rochester, N.Y.) 

[Received 15 October 1949] 

Formula (10) on page 202 does not necessarily follow from (4), because {og}z<g 
may not satisfy the same conditions that {o,},<, does. If, however, the theorem 
is modified by imposing on the sequence {og}c<, the following additional con- 


dition, the proof is correct: 
If, forn > 2, 


a = 


wk B, y ww, limo, = A,, limag = 1p 
é< 


—s > 
1<k<cr 1<kcr-1 E<a, < By 


then —n,+A, < w*® (r = 2, 3,..., n—1). 
The error was pointed out to me by P. Erdés. 
* See this Journal, 19 (1948), 200-3. 
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